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Sobolev spaces associated to singular and fractional Radon 

transforms 

Brian Street* 


Abstract 

The purpose of this paper is to study the smoothing properties (in L p Sobolev spaces) of operators 
of the form / >—* ip(x) $ f(^t(x))K(t) dt, where 7 t(x) is a C 00 function defined on a neighborhood 
of the origin in (f, x) £ x R", satisfying 'yo(x) = x, ip is a C 00 cut-off function supported on 
a small neighborhood of 0 e R 71 , and A is a “multi-parameter fractional kernel” supported on a 
small neighborhood of 0 e M N . When A is a Calderon-Zygmund kernel these operators were studied 
by Christ, Nagel, Stein, and Wainger, and when if is a multi-parameter singular kernel they were 
studied by the author and Stein. In both of these situations, conditions on 7 were given under which 
the above operator is bounded on L v (1 < p < 00). Under these same conditions, we introduce non¬ 
isotropic L p Sobolev spaces associated to 7. Furthermore, when if is a fractional kernel which is 
smoothing of an order which is close to 0 (i.e., very close to a singular kernel) we prove mapping 
properties of the above operators on these non-isotropic Sobolev spaces. As a corollary, under 
the conditions introduced on 7 by Christ, Nagel, Stein, and Wainger, we prove optimal smoothing 
properties in isotropic L p Sobolev spaces for the above operator when if is a fractional kernel which 
is smoothing of very low order. 
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1 Introduction 

In the influential paper |CNSW99] . Christ, Nagel, Stein, and Wainger studied operators of the form 

Tf{x) = ip{x) J/( 7 t (a:))Ji(t) dt , (1.1) 

where 7 t (x) = 7 (t, x) : x Rq —> R" is a ( 7 °° function defined on a neighborhood of (0, 0) e x R™ 

satisfying 70 ( 2 :) = x, x/j e C'o°(R n ) is supported on a small neighborhood of 0 e R", and A is a Calderon- 
Zygmund kernel defined on a small neighborhood of 0 e R w . They introduced conditions on 7 such 
that every operator of the form m is bounded on L p (R n ), 1 < p < 00. Furthermore, they showed 
(under these same conditions on 7 ) that if K is instead a fractional kernel, smoothing of order 5 > 0 
(henceforth referred to as a kernel of order -aJ3 supported near 0 6 R^, then T : L p —» L p for some 
s = s{p,5, 7 ) > 0, where L p denotes the L p Sobolev space of order s. Left open, however, was the 
optimal choice of s. 

One main consequence of this paper is that we derive the optimal formula for s = s(p, 7 , <5), in 
the case when 6 is sufficiently small (how small S needs to be depends on 7 and p). In fact, for this 
choice of s we prove T : L p —* L p r+S so long as r and S are sufficiently small (depending on 7 and 
p e (1, 00)). Here r and <5 can be either positive, negative, or zero@ When both r and <5 are 0, this is just 
a reprise of the L p boundedness result of [CNSW99] , Moreover, our results are sharper than this. We 
introduce non-isotropic L p -Sobolev spaces adapted to 7 : NL P ( 7 ) for r e R. Our result takes the form 
T : NL p ( 7 ) —* NL(h 5 ( 7 ), provided r and <5 are sufficiently small. In fact, we prove mapping properties 
for T on the spaces NL P ( 7 ), where 7 can be a different choice of 7 -the smoothing properties of T on L p 
are a special case of this. See Section fTTTl for more precise details on this. 

We proceed more generally than the above. In the series jSSll , Strl2i. 1 SS131ISS12] the author and 
Stein introduced a more general framework than the one studied in [CNSW99] , Again we consider 
operators of the form 

Tf(x) = i/j(x) J /(■y t (x))K(t) dt. (1.2) 

1 I.e., K(t) satsifies estimates like \d < j*K(t)\ < \t\~ N ~ M+ 5 . If <5 ^ N, one needs a different condition, but we are mostly 
interested in 5 small. We address the kernels more precisely in Section [2] 

2 When 5^0 one needs to add an additional cancellation condition on K in a standard way. 
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As before 7 1 (x) = 7 (t,x) : M.q x Rq —► R" is a C 00 function defined on a neighborhood of (0, 0) 6 R w x R" 
satisfying 70 (x) = x, ip e (7 q°(R") is supported on a small neighborhood of 0 6 R”. K is now a “multi¬ 
parameter” kernel. The simplest situation to consider is when AT is a kernel of “product type,” though 
we will later deal with more general kernels (see Section [2]). To define this notion, we decompose R^ 
into v factors: R w = R ^ 1 x • • • x R^; and we write t e R w as t = (ti ,.. . , t v ) e R Nl x • • • x R^. A 
product kernel of order S = (<5i,..., S v ) e R" satisfies estimates like 

K 1 • • • d%K(ti, . . . ,i„)| < • ■ ■ \ tt/ \- N *-M-s Vj 

along with certain “cancellation conditions” if any of the coordinates of 6 are non-negativeH In this 
situation, for 1 < p < 00 and r e R 1 ' with |r| sufficiently small (how small depends on p and 7 ), we 
define non-isotropic Sobolev spaces NL£( 7 ); and if |<5| and |r| are sufficiently small (how small depends 
on p and 7 ) we prove mapping properties of the form 

T : NL*(7) - NL*_ 4 ( 7 ). 

Furthermore, we prove mapping properties for T on spaces NLy,( 7 ), where 7 : R^ x Rq —» R" can be 
a different choice of 7 -where there is an underlying decomposition of R w into v factors, and r' e R" is 
small. In fact, the way the single-parameter results are proved is by lifting to the more general multi¬ 
parameter situation. Thus, this more general framework is used even if one is only interested in the 
single-parameter results. 

In Section o we outline the special case of some of our results when T is of the form studied by 
Christ, Nagel, Stein, and Wainger ICNSW99) . This special case is likely the one of the most interest 
to many readers. In Section IT~ 2 l we outline some of the history of these problems and reference related 
works. In Sections [2E] we introduce all of the terminology necessary to state our results in full generality. 
In Sections [5] and © we state our main results. Here and in the previous sections we include only the 
simplest and most instructive proofs. In Sections ITlfTdl we prove all of the results whose proofs are more 
difficult and were not included in the previous sections. Finally, in Section [15] we address the question 
of the optimality of our results, but here we focus only on the single-parameter case. 

The statement of the results in this paper are self-contained: the reader does not need to be familiar 
with any previous works to understand the statement of the main results. The proofs, however, rely 
on the theories developed in several previous works including the series |SS111 IStrl2t ISS13. I S SI 2) , the 
papers [CNSW99] and [Strllj . and the book [Strl4j . 

1.1 The single parameter case 

The setting in which our results are easiest to understand is when 7 is of the form studied by Christ, 
Nagel, Stein, and Wainger in their foundational work [CNSW99] . This falls under the single-parameter 
(y = 1) setting in this paper, and here we informally outline our results in this case0 In particular, in 
this section we focus on the case when the kernel K from m is a standard fractional integral kernel. 
More precisely, K(t ) is a distribution supported on a small ball centered at 0 6 R^, and satisfies (for 
some S G R), 

\d?K(t)\ C a \t\- N -W~ s , Va. (1.3) 

In addition, if S ^ 0, K is assumed to satisfy certain “cancellation conditions” which are made precise 
later (see Section [2] and in particular Section mE 

As mentioned above, 7 t (x) = 7 (t,x) : R(^ x Rq —> R" is a C 00 function defined on a small neighbor¬ 
hood of (0,0) e R n x R” and satisfies 70 (x) = x. The paper [ ICNSW99] shows that 7 can be written 

3 Here we have reversed the role of 5 and —<5 from above. In this notation, a kernel of order (5 is “smoothing” of order 
—5. When some coordinate S^ of S satisfies 8^ ^ —N^, a different definition is needed. See Section [2] for more precise 
details on these kernels. 

4 Even when v = 1, our setting allows more general 7 than those considered in [CNSW99] , For instance, our theory 
addresses the case when 7 t(x) is real analytic, even if it does not satisfy the conditions of |CNSW99] —see Corollary |4.3ll In 
that case, the smoothing occurs only along leaves of a foliation, as opposed to smoothing in full isotropic Sobolev spaces. 

5 When 5 ^ -N, one needs different estimates. We address the kernels more formally in Section [2] but we are mostly 
interested in 5 small, and so this is not a central point in what follows. 
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asymptotically asfi 


lt{x) ~ exp ^ tax a U, (1-4) 

\M >0 ) 

where each X a is a (7“ vector field defined near 0 on M n . The main hypothesis studied in [ ICNSW99] 
is that the vector fields {X a : |a| > 0} satisfy Hormander’s condition: the Lie algebra generated by the 
vector fields span the tangent space at every point near 0 . 

Let <S = {(X a , |a|) : |a| > 0}. Associated to <S are natural non-isotropic Sobolev spaces, for 
1 < p < oo and S e R, which we denote by NL^(«S). We give the formal definition later (see Section 0, 
but the intuitive idea is that these Sobolev spaces are defined so that for (A, d) e S, X is a differential 
operator of “order” d; in particular, X : NL^(>S) —* NL^_ d (<S). Sobolev spaces of this type have been 
developed by several authors. For settings closely related to the one here, see [FS741 [Fol75: 1RS76 , 
INRSW891 IKoe02l IStrl4] . Let ip e Cp°(M") be supported on a small neighborhood of 0 and let K(t) be 
a kernel of order 5 e R in the sense of m which is supported near 0 e R N . Define the operator 

Tfix) = ip{x) J f('Yt(x))K(t) dt. 

Let C(S) be the smallest set such that: 

• 5c£(5). 

• If (Xi, di), (A 2 , d 2 ) G jC(S), then ([Xi, X 2 ], d\ + d 2 ) G C(S). 

By hypothesis, there is a finite set T c jC(S) such that {X : (X,d) e J-j spans the tangent space at 
every point near 0. Set E = max{d : (X,d) e J 7 } and e = min{|a| : X Q ^ 0}; where we have picked T 
so that E is minimal0 Note, 1 ^ e ^ E. Identify ip with the operator ip : f >—> ipf. Let L p s , 1 < p < 00, 
set, denote the standard (isotropic) L p Sobolev space of order s on R". 

Theorem 1.1. For 1 < p < 00, there exists e = e(p, 7 ) > 0 such that if 5, 60 e (—e, e), 

T:NL£ o (S)-NL? o _ 5 (S). 

Proof. This is a special case of Theorem I6.2l^l □ 

Theorem 1.2. Let 1 < p < 00, 6 > 0. Then, 

iP:L p s ^ NL? e (5). 


Dually, we have 
Also, 


NL p _ Se (S) ^ L p _ § . 


and dually, 


NL p se (S)^L p s , 


iP:L p _ s ^NL p _ gE (S). 

Proof. The above results are a special cases of Theorems 15.191 and 15.201 


□ 


Theorem 1.3. Let 1 < p < 00. There exists e = e(p, 7 ) > 0 such that if s,S e (— e, e), we have 
• IfS>0,T:L p ^L p _ g/e . 

. IfS^0,T:L p ^L p _ 5/E . 

6 CCS means that 7 t (x) = exp (L 0 <|c|<M tax a) x + 0 (|t| M ), VM. 

1 Xa. # 0 means that X a is not identically the zero vector field on a neighborhood of 0 . 

8 In the sequel, the vector fields X a are defined a slightly different way; however this different definition is equivalent 
to the above definition. See Section 17.3 of [Strl2] . 
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Furthermore, this result is optimal in the following sense (recall, e depends on p e (l,oo),): 

• There do not exist p e (1, oo), 6 e [0, e), s s (—e, e), and t > 0 such that for every operator T of 
the above form we have T : 1% —> L p . 

J s s—d/e-|-t 

• There do not exist p e (1, go), <5 e (—e, 0], s e (—e, e), and t > 0 such that for every operator T of 
the above form we have T : L p —> L^_ s , E+t 

Proof. See Corollary IG. 171 □ 

In fact, the results in this paper are more general than the above. They include: 

• Instead of only considering the operator T acting on the spaces NL^(<S) and L p s , we consider the 
operator acting on the more general spaces NL^,(<S), for some other choice of S. Furthermore, we 
compare the spaces NL^(<S) and NL^,(<S). 

• We consider more general kernels K. This includes single-parameter kernels with nonisotropic 
dilations, along with more general multi-parameter kernels. These multi-parameter kernels include 
fractional kernels of product type, but also more general multi-parameter kernels. In these cases, 
we work with multi-parameter non-isotropic Sobolev spaces. 

• The above results hold only for the various parameters (5, s, etc.) small, and in general this is 
necessary. However, we also present additional conditions on 7 under which the above results 
extend to all parameters. 

Remark 1.4. Our results in the single-parameter case discussed above rely heavily on the theory we 
develop for the multi-parameter case. Thus, even if one is only interested in the single-parameter case, 
the multi-parameter case is essential for our methods. 


1.2 Past work 


All of the previous work on questions like the ones addressed in this paper have addressed the single 
parameter (v = 1 ) case. The work most closely related to the results in this paper is that of Greenblatt 
lGre07) . who studied the case v = 1 , N = 1, and p = 2 , under the additional condition that ^(t,x) A 0. 
He proved optimal smoothing in isotropic Sobolev spaces, L 2 —> L 2 , for such operators^ Our results 
imply these results, sharpen them to nonisotropic Sobolev spaces, generalize them to optimal estimates 
on all L p spaces, and remove many of the above assumptionsGreenblatt related these results to 
well-known results of Fefferman and Phong concerning subelliptic operators [FP83] -see Remark 16.191 for 
more details on this. 

An important work is that of Cuccagna [Cuc96j who, under strong additional hypotheses on 7 , made 
explicit the dichotomy between the smoothing nature of T for <5 small, and the smoothing properties 
when 5 is large. Our results are less precise than tliis-we only deal with <5 very small, and say nothing 
about the case when 8 is large. However, our results hold for much more general 7 than those in 
IGuc96l l n l 

Operators of the form 


/ 


J f( 7 t(x))K{t) 


dt , 70 (a;) s x, 


(1.5) 


have a long history. In the discussion that follows, the distribution K(t) is usually assumed to be 
supported near t = 0 . 


9 These are the results of IGre07l as they are stated in that paper. However, the same methods can be extended to some 
L p spaces for p # 2 via interpolation. It also seems possible that similar methods could be used to treat some instances 
in the case TV > 1. 

10 lGre07l only assumed estimates on K and whereas we assume estimates on all derivatives of K. This is not 

an essential point, and the methods of this paper can be modified to deal with this lesser smoothness, though we do not 
pursue it here. 

11 The situation when 8 is large seems to be far from well understood when considering the generality covered in this 
paper. 
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When K(t ) is a Calderon-Zygmund kernel, the goal is often to prove that the above operator is 
bounded on various L p spaces. This began with the work of Fabes |Fab67l who studied the case when 
p = 2 and K{t) = 7 t {x, y ) = (x — t,y — t 2 ): the so-called “Hilbert transform along the parabola”; see 
also [SW701 . Following these initial results many papers followed. First, the setting where the operators 
were translation invariant on R” was handled by Stein |Ste76bl ISte76al . Nagel, Riviere, and Wainger 
[NRW741 INRW76bl INRW76a] , and Stein and Wainger |SW78] . Moving beyond operators which were 
translation invariant on R", the first results were obtained by Nagel, Stein, and Wainger INSW79) . 
Next, operators which were translation invariant on a nilpotent Lie group were handled by Geller and 
Stein [GS821IGS84] , Muller |Miil851 IMiil831 IMiil84] , Christ |Chr85] , and Ricci and Stein |RS 88 | . An 
important work that moves beyond the group translation invariant setting is that of Phong and Stein 
}PS 86 j . These ideas were generalized and unified by the influential work of Christ, Nagel, Stein, and 
Wainger |CNSW99] , who introduced general conditions on 7 under which one can obtain L p bounds for 
such operators (1 < p < oo)-they referred to the conditions on 7 as the curvature condition. We refer 
the reader to that paper for a more leisurely history of the work which proceeded it. 

Questions regarding smoothing of operators of the form m, when K is a fractional kernel, implicitly 
take their roots in Hormander’s work on Fourier integral operators. This was then taken up by Ricci 
and Stein [RS89] . Greenlcaf and Uhlmann |GTJ90j . Christ in an unpublished work jChr 88 l | which was 
extended by Greenleaf, Seeger, and Wainger jCSW99l . Seeger and Wainger |SW03| . and others. Many 
of these works studied more general operators than m by working in the framework of Fourier integral 
operators. These considerations forced the authors to heavily restrict the class of 7 considered, though 
often allowed optimal smoothing estimates for m even when K is a fractional kernel smoothing of 
some large order. As with the work of Cuccagna [Cuc96l cited above, one can see the difference between 
the smoothing properties of m when K is a fractional kernel smoothing of a small order, and when 
K is a fractional kernel smoothing of a larger order in these works. 

One line of inquiry culminated in the above mentioned work of Christ, Nagel, Stein, and Waigner 
[CNSW99] , who showed that their curvature condition on 7 was necessary and sufficient for the operator 
given in (11.51) to be smoothing in L p Sobolev spaces, for every fractional integral kernel K. I.e., if K 
is a fractional integral kernel which is smoothing of order S > 0 (i.e., a kernel of order —6), the above 
operator maps L p —» L p for 1 < p < 00 and some s = s{p , <5, 7 ) > 0. Left open, however, was the optimal 
choice of s. This has since been taken up by many authors. Including the previously mentioned work 
of Greenblatt |Gre07j . 

When I\ is a multi-parameter kernel, the L p boundedness of operators of the form began with 
the product theory of singular integrals. This was introduced by R. Fefferman and Stein (FS82j . Another 
early important work is that of Journe },Tou85) . This was followed by many works on the product theory 
of singular integrals-see, for instance, [Fbf87l ICF851 [RS921 iMRSiffi] . 

Outside of the product type situation, the theory of translation invariant operators on nilpotent 
Lie groups given by convolution with a flag kernel has been influential. This started with the work of 
Muller, Ricci, and Stein [MRS951IMRS96] and was furthered by Nagel, Ricci, and Stein [NRS01] and 
Nagel, Ricci, Stein, and Wainger [NR.SW12] . See, also, [ClolOal IClolObl TGloLS] . 

The above product theory of singular integrals and flag theory of singular integrals only apply to 
very non-singular 7 when considering operators of the form (11. 5[I . In particular, all of these operators 
can be thought of as a kind of singular integral. These concepts were unified and generalized in the 
monograph |Strl4| . More singular forms of 7 were addressed by the author and Stein in the series 
(SSI 1. Sti 12 . ISS1311SS12 '. where conditions on 7 were imposed which yielded L p boundedness (1 < p < 
00 ) for operators of the form era when K is a multi-parameter kernel. 

As mentioned in the previous section, non-isotropic Sobolev spaces of the type studied in this paper 
have been studied by many authors. This began with the work of Folland and Stein 1FS74) , which was 
soon followed by work of Folland [Fol75j and Rothschild and Stein [RS76] . See also, [NRSW89I lKoe02i . 
Multi-parameter non-isotropic Sobolev spaces, like the ones studied in this paper, were studied by the 
author in (Strl4) . The Sobolev spaces in this paper generalize the ones found in [Strl4] . 
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2 Definitions: Kernels 


In this section, we state the main definitions and results concerning the class of distribution kernels 
K (t) for which we study operators of the form (11.21) . K (t) is a distribution on which is supported 
in B N (a) = {x e WL N : |x| < a}, where a > 0 is small (to be chosen later) F^l 

We suppose we are given v parameter dilations on M. N . That is, we are given e = (ei,..., ejv) with 
each 0 ¥= ej e [0, co)". For 6 e [0, co)" and t = (ti,..., tjv) e 1^, we define 

5t = (5 ei t 1 ,...,6 eN t N )eR N , ( 2 . 1 ) 

where 6 ej is defined by standard multi-index notation: S ej = 0^t=i • 

For 1 ^ /i ^ u, let tfj, denote the vector consisting of those coordinates tj of t such that e 1 '' y 0. Note 
that and t may involve some of the same coordinates, even if fj # ft!, and every coordinate appears 
in at least one t M . Let yfl^) denote Schwartz space on M. N , and for E c { 1 ,..., v) let S^e denote the 
set of those / e such that for every fj.eE , 

J tpf /(f) dt M = 0 , for all multi-indices 

is a closed subspace of yfR^) and inherits the subspace topology, making S^e a Frechet space. 
For j = (ji,... ,j v ) e R", we define 2 ! = (2 J1 ,..., 2 Jl/ ) 6 (0, oo)", so that it makes sense to write 2 H 
using the above multi-parameter dilations; i.e., 2 H = (V‘ ei ti ,... ,2 J ' ejv tjv)- Given a function <; : lSi N —» 
C, define 

? ( 23 ) (t) = 2 j - ei+ - +j - eN ^(2 H). ( 2 . 2 ) 

Note that i s defined in such a way that dt = \s(t) dt. 

Definition 2.1. For <5 e R", we define K,§ = /Cg(N, e, a) to be the set of all distributions K of the form 

K{t) = n(t)Y, 2 j '\f\t), (2.3) 

teN 1 ' 

where rj e Cq > (B n ( a)), {9 : j e N"} c is a bounded set with e 0 }- The convergence 

in (12.311 is taken in the sense of distributions. We will see in Lemma [7~T1 that every such sum converges 
in the sense of distributions. 

Using the dilations, it is possible to assign to each multi-index a e a corresponding “degree”: 
Definition 2.2. Given a multi-index a e N n , we define 

N 

deg (a) := J] a o e o e [ 0 , 00 )"- 
3 =1 

Lemma 2.3. For any a > 0, So e /Co(N,e,a), where So denotes the Dirac 5 function at 0. Moreover, 
for any a > 0 , a e N n , SfSo e /Cdeg(a)(-^, e, a). 

Proof. This is proved in Section 0 □ 

When some of the coordinates of <5 are strictly negative, there is an a priori slightly weaker definition 
for ICg which turns out to be equivalent. This is presented in the next proposition. 

Proposition 2.4. Suppose 6 e R", a > 0, r/ e C^(B N (a)), and {y, : j e N"} cz y(R iv ) is a bounded 
set with cfj e Then the sum 

K(t ) := 77 (f) £ 2 

converges in distribution and K e ICg(N,e,a). 

Proof. This is proved in Section 17.11 □ 

12 In particular, a > 0 will be chosen so small that for t e B N (a), 71 (-) is a diffeomorphism onto its image, and we may 
consider 7 ^ _1 (-), the inverse mapping. 
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2.1 Product Kernels 


Definition CO is extrinsic, and in general we do not know of a simple intrinsic characterization of the 
kernels in JCg . However, under the additional assumption that each e 3 is nonzero in precisely one 
component, these kernels are the standard product kernels. Product kernels were introduced by R. 
Fefferman and Stein |Fef811 [FS82 1 and studied by several authors; there are too many to list here, but 
some influential papers include |Jou851 IFef871 ICF851 IFef881 IRS921IMRS95] . The definitions here follow 
ideas of Nagel, Ricci, and Stein [NRSOl and are taken from |Strl4| . We now turn to presenting the 
relevant definitions for this concept. For the rest of this section, we assume the following. 

Assumption 2.5. Each 0 # e,j e [0, oo)" is nonzero in precisely one component. I.e., e(( / 0 for 
precisely one /i G {1,..., u}. 

Remark 2.6. It is only in the following intrinsic characterization of K, that we need Assumption 12.51 for 
the rest of the results in this paper, it is not used. 

Define as before; i.e., is the vector consisting of those coordinates tj of t such that ^ 0. 
Let denote the number of coordinates in Because of Assumption 12.51 this decomposes t = 
(ti,...,L)eR iVl x.--xR' v ''=R' v . 

For each /x, we obtain single parameter dilations on R N ». Indeed, we write t^ = (t*,..., t^). If the 
coordinate tj) corresponds to the coordinate tj iik of t, then we write := ef -the pith component of 
ej k which is nonzero by assumption. We define, for 5^ ^ 0, 

St - (s^t 1 S h ^t N A 

In short, these dilations are defined so that if <5 = (di,..., 5„), then 

St (dRi,..., Si/ti /). 

Let Q/j = hj l + ■■ ■ + hQn is called the “homogeneous dimension” of under these dilations. 

For tfj, e we write for a choice of a smooth homogenous norm on R^. I.e., |||| is smooth 
away from t^ = 0 and satisfies and ||t M || ^ 0 with || = 0 o t^ = 0. Any two choices 

for this homogenous norm are equivalent for our purposes. For instance, we can take 

/A* 2 ( iv o \ 

im = (XXI^J ■ ( 2 - 4 ) 

Definition 2.7. The space of product kernels of order m = (mi,..., to„) g (-Q i, oo) x • • • x (— Q v , go) 
is a locally convex topological vector space made of distributions K(ti,... ,f„) e C , ^°(M Ar )'. The space 
is defined recursively. For v = 0 it is defined to be C, with the usual topology. We assume that we have 
defined the locally convex topological vector spaces of product kernels up to v — 1 factors, and we define 
it for v factors. The space of product kernels is the space of distribution K G Cg^R^)' such that the 
following two types of semi-norms are finite: 

(i) (Growth Condition) For each multi-index a = (op,... , a„) G N Wl x • • • x we assume 

there is a constant C = C\a) such that 

K 1 • --d?;K(t 1 ,... ,i„)I • • • \\t v \\-Q»-™»-<*^. 

We define a semi-norm to be the least possible C. Here ||f M || is the homogenous norm on as 
defined in (12.411 . 

(ii) (Cancellation Condition) Given 1 ^ /i < u, R > 0, and a bounded set B a Cjf (RW) for $ e B we 
define 


Vn, ...,t„):=R J K{t)<j>{Rtf,) dt 












where f?f M is defined by the single parameter dilations on R w <*. This defines a distribution 
K^r g C” (K^ 1 x • • • x x x • • • x R^)' 

We assume that this distribution is a product kernel of order 

(mi,.. 1 ,.. 

Let || • || be a continuous semi-norm on the space of v — 1 factor product kernels of order 

(mi,.. ^m^-i.m^+i,.. .,m„). 

We define a semi-norm on factor product kennels of order m by ||A|| := sup^gg fl>0 ||-f^ 0 ,je||, 
which we assume to be finite. 

We give the space of product kernels of order m the coarsest topology such that all of the above semi¬ 
norms are continuous. 

Proposition 2.8. Fix a > 0 and m G (~Qi, oo) x • ■ • x {—Q v , oo). If K is a product kernel of order m 
and supp (K ) tz B N (a), then K e K. m . 

Proof. This is a restatement of Proposition 5.2.14 of |Strl4l . □ 

Thus Proposition 12.81 shows that, under Assumption 12.51 the kernels in JC m are closely related to the 
standard product kernels (at least if the coordinates of m are not too negative). See [Strl4| for several 
generalizations of this type of result; for example a similar result concerning flag kernels can be found 
in Proposition 4.2.22 and Lemma 4.2.24 of IStrl4j . 


3 Definitions: Vector fields 

Before we can define the class of 7 for which we study operators of the form m, we must introduce 
the relevant definitions and notation for Carnot-Caratheodory geometry. For further details on these 
topics, we refer the reader to [Strllj . 

For this section, let Cl E 1" be a fixed open set. And let T(TCl) denote the space of smooth vector 
fields on Cl. Also, fix v g N, v ^ 1. 

Definition 3.1. Let A'i,... ,X q be C 00 vector fields on Cl. We define the Carnot-Caratheodory ball of 
unit radius, centered at xq g Cl, with respect to the finite set X = {A'i,..., X q } by 


Bx{x 0 ) := { y e Cl Ty : [0,1] -> Cl, 7 ( 0 ) = * 0 , 7 ( 1 ) = y, 


y(*) = I]oi(*)^i(7(*)),Oi£i®([0,l]), 

3 =1 


Z I 


< 1 >. 


£°°([o,i]) 


In the above, we have written 7 '(t) = Z(t) to mean 7 (t) = 7 ( 0 ) + §* 0 Z(s ) ds. 


Definition 3.2. Let A'i,..., X q be C 00 vector fields on Cl, and to each vector field Xj assign a multi¬ 
parameter formal degree 0 A dj e [0,00)^. Write (A, d) = {{X\, d \),..., (X q , d q )}. For 6 6 [ 0 , oo) 1 ' 
define the set of vector fields 6X := {5 dl Xi,... ,6 d iX q }, and for Xq g Cl, define the multi-parameter 
Carnot-Caratheodory ball, centered at Xq of “radius” S by 


B(x,d) {xq,S) B S x{xq). 
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Whenever we have a finite set of vector fields with //-parameter formal degrees: 

(X,d) = {(X 1 ,d 1 ),...,(X q ,d q )}czT(Tfl) x ([0,ooA{0}), 

for S £ [0, oo)" we write 5X to denote the set {S dl X i,..., S dq X q }. In addition, we identify this with an 
ordered list SX = (6 dl X i,... ,6 dq X q ) (the particular order does not matter for our purposes). In what 
follows, we use ordered multi-index notation. If a is a list of elements of {1,..., q }, then we may define 
(<5A) a , and we denote by |a| the length of the list. For instance, (dA')^’ 3,2,1 ) = S dl XiS ds X^S 112 X 2 S dl Xi 
and |(1, 3, 2,1)| = 4. 

In what follows, let 12' (<= 12 be an open relatively compact subset of 12, v e N with v ^ 1, and A a 
v x v matrix whose entries are in [0, oo]. 

Definition 3.3. Let (A, d) = {(Xi, di ),..., ( X q , d q )} cz T(T12) x ([0, oo)"\{0}) be a finite set consisting 
of C 00 vector fields on 12, Xj, each paired with a //-parameter formal degree 0 / dj £ [0, oo)''. Let Xq be 
another C 00 vector field on 12, and let h : [0,1]" —► [0,1] be a function. We say (A, d) controls (Ao, h) 
on 12' if there exists n > 0 such that for every 6 £ [0,1]", x £ 12', there exists c x j £ C°(B( X ,d) A A)) 
(1 < j =% q ) such that, 

• h(S)X 0 = c s xJ 5 d iXj, on B (X ,d) ( x ,nS). 

• sup 5e[ o,i]- S| Q |^ m || (SX) a c XJ ||c°(B (Xid) (x,T!S)) < oo, for every m £ N0 

xeCl' 

Definition 3.4. Let T cz T(T12) x ([0, oo)"\{0}) be a finite set consisting of C 00 vector fields on 12, each 
paired with a //-parameter formal degree. Let (A, d) £ T(T12) x ([0, oo)"\{0}) be another C°° vector field 
with a //-parameter formal degree. We say J- A-controls (A, d) on 12' if the following holds. Define a 
function h j A : [0,1]" —* [0,1] by 

hfaV):=5 xt &. (3.1) 

Here we use the conventions that oo • 0 = 0 and l 00 = 0. We assume J- controls (A', ,) on 12'. When 

v = //, we say J- controls (A, d) on 12' if T /-controls (A, d) on 12', where I denotes the identity matrix. 

The notion of control is a natural one for our purposes. In many examples, though, it arises from a 
stronger version, which we call smooth control. 

Definition 3.5. Let (X,d) = {(Ai, di),..., (X q , d q )} cz T(T12) x ([0, co) I/ \{0}). Let A' 0 be another C® 
vector field on 12, and let h : [0,1]" —* [0,1]. We say (A', d) smoothly controls (Ao, h) on 12' if there 
exists an open set 12" with 12' (c 12" (c 12 such that for each <5 £ [0,1]" there exist functions c d £ C°°(fl") 
(1 < j < q) with 

• h(S) A 0 = Cj$ dj Aj, on 12". 

• {c S j : S £ [0,1 ]", j £ {1 ,..., q}} cz C' 00 (12 ") is a bounded set. 

Definition 3.6. Let T cz T(T12) x ([0, oo)"\{0}) be a finite set consisting of C 00 vector fields on 12, each 
paired with a //-parameter formal degree. Let (A ,d) £ L(T12) x ([0, oo)"\{0}) be another C 00 vector 
field with a //-parameter formal degree. We say T smoothly A-controls (A ,d) on 12' if T smoothly 
controls (A, hj.) on 12', where hj X is as in (13.11) . When /> = //, we say T smoothly controls (A ,d) 
on 12' if T smoothly /-controls (A,d) on 12', where / denotes the identity matrix. 

Remark 3.7. It is clear that if T smoothly A-controls (Ao,do) on then T A-controls (Ao, do) on 12'. 
The converse does not hold, even for A = / and v = 1; see Example 5.15 of fStrTIl . 

13 For an arbitrary set U Q R n , we define \\f\\c°(U) = su PyeU |/(y)|j and if we say ||/||c°(c/) < °°j we mea n that this 
norm is finite and that f\ u : U —> C is continuous. 
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Definition 3.8. Let S c r(T17) x ([0, oo)"\{0}) be a possibly infinite set and let (X,d) be another 
C 100 vector field on 17 paired with a D-paranreter formal degree 0 # d e [0, oo)". We say S A-controls 
(resp. smoothly A-controls) (X, d) on 17' if there is a finite subset T S such that T A-controls (resp. 
smoothly A-controls) ( X,d ) on 17'. When t> = v, we say S controls (resp. smoothly controls) ( X,d ) 
on 17' if S /-controls (resp. smoothly /-controls) ( X,d ) on 17', where / denotes the identity matrix. 

Definition 3.9. Let S c r(T17) x ([0,oo)"\{0}) and T ^ T(T17) x ([0, oo)"\{0}). We say S A-controls 
(resp. smoothly A-controls) T on 17' if S A-controls (resp. smoothly A-controls) ( X , d) on 17', V(X, d) e 
T. When v = we say S controls (resp. smoothly controls) T on 17' if S /-controls (resp. smoothly 
/-controls) T on 17', where / denotes the identity matrix. 

Lemma 3.10. The notion of control is transitive: If Si controls S2 on 17' and S2 controls S3 on 17', 
then Si controls S3 on 17'. 

Proof. This follows immediately from the definitions. □ 

Definition 3.11. Let S c: r(T17) x ([0, oo)"\{0}). We say S satisfies 77(17') (resp. 77 s (17')) if S controls 
(resp. smoothly controls) ([Xi,X 2 ],di + cfe) on 17', V(Xi,di), (X 2 ,d 2 ) G S. 

Definition 3.12. Let S, T c r(T17) x ([0, co) 1/ \{0}). We say S is equivalent (resp. smoothly 
equivalent) to T on 17' if S controls (resp. smoothly controls) T on 17' and T controls (resp. smoothly 
controls) S on 17'. 

Definition 3.13. Let S cr T(T17) x ([0, oo)"\{0}). We say S is finitely generated (resp. smoothly 
finitely generated) on 17' if there is a finite set T c T(T17) x ([0, oo)"\{0}) such that T is equivalent 
(resp. smoothly equivalent) to S on 17'. If we want to make the choice of T explicit, we say S is finitely 
generated (resp. smoothly finitely generated) by T on 17'. 

Remark 3.14. If S is finitely generated (resp. smoothly finitely generated), one may always take T c S 
such that S is finitely generated (resp. smoothly finitely generated) by T. However, one need not take 

Remark 3.15. Note that it is possible that S be finitely generated (resp. smoothly finitely generated) 
on 17' by two different finite sets Jq, J~ 2 - with Ti ^ Jq. However, it is immediate from the definitions 
that J ~1 and T 2 are equivalent (resp. smoothly equivalent) on 17'. Because of this, it turns out that 
any two such choices will be equivalent for all of our purposes. Thus, we may unambiguously say S is 
finitely generated (resp. smoothly finitely generated) by T on 17', where T can be any such choice. 

Definition 3.16. Let t)„ <z [0, 00)" denote the set of those d e [0, 00)" such that d is nonzero in precisely 
one component. 

Definition 3.17. Let S <= T(T17) x ([0, oo) l, \{0}). We say S is linearly finitely generated (resp. 
smoothly linearly finitely generated) on 17' if there is a finite set T c r(T17) x such that S is 
finitely generated (resp. smoothly finitely generated) by T on 17'. If we wish to make the choice of T 
explicit, we say S is linearly finitely generated (resp. smoothly linearly finitely generated) by 
T on 17'. 

Remark 3.18. Note that when v = 1, S is finitely generated (resp. smoothly finitely generated) if and 
only if S is linearly finitely generated (resp. smoothly linearly finitely generated). 

Definition 3.19. Let S c T(T17) x ([0, oo)"\{0}). We define £{S) c r(T17) x ([0, oo) l/ \{0}) to be the 
smallest set such that: 

. 5 c C(S). 

• If {X 1 ,d 1 ),(X 2 ,d 2 ) e C(S), then ([X 1 ,X 2 ],d 1 + d 2 ) e C(S). 

Remark 3.20. Note that C{S) satisfies 77(17'), trivially. 
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Lemma 3.21. Let S c T(TLl) x ([0, co) 1 / \{0}). S satisfies V(LI') (resp. V S (LL')) if and only if S controls 
(resp. smoothly controls) C(S) on LY. 

Proof. This is immediate from the definitions. □ 

Lemma 3.22. Let S c: T(TLi) x ([0, oo) !/ \{0}). If C(S) is finitely generated (resp. smoothly finitely 
generated) by T on LI', then T satisfies V(Ll') (resp. T> S (LY)). 

Proof. This is immediate from the definitions. □ 

Example 3.23. In the sequel we will be given a set 5 c T(TLl) x ([0, co) I/ \{0}), and will be interested 
in whether or not C(S) is finitely generated on LI'. It is instructive to consider the following simple 
example where C(S) is not finitely generated. Let X\ = A 2 = and S := {(Ad, 1), (X 2 ,1)} <= 

T(TR 2 ) x (0, co). Let LI' be a neighborhood of 0 e R 2 . Then, C(S) is not finitely generated on LY. Indeed, 
any commutator of the form 

[*!,[*!, [*!,••• ,[X U X 2 ] ■••]]], 

is not spanned (with bounded coefficients) on any neighborhood of 0 by commutators with fewer terms. 
For nontrivial examples where C(S) is finitely generated on LI' see Sections 13.II and 13.21 

Example 3.24. An important example where C(S) is finitely generated but not linearly finitely generated 
comes from the Heisenberg group. The Heisenberg group, H 1 , has a three dimensional Lie algebra 
spanned by vector fields X , Y. T, where [ X , YJ = T and T is in the center. As a manifold H 1 = R 3 
and the vector fields X,Y,T span the tangent space at every point. Set S := {(A', (1,0)), (Y, (0,1))} 
T(TIHI 1 ) x h 2 - Then (on any non-empty open set LY a H 1 ) it is immediate to see that £(<S) is finitely 
generated but not linearly finitely generated on LY. 

3.1 Hormander’s condition 

When some of the vector fields satisfy Hormander’s condition, many of the above definitions become 
easier to verify. 

Definition 3.25. Let V be a collection of C® vector fields on LI, and let U <= LI. We say V satisfies 
Hormander’s condition on U if 


Vu[V,V]u[V,[V,V]]u- 

spans the tangent space to R” at every point of U. For to g N, we say V satisfies Hormander’s 
condition of order to on U if 

m terms 

Vu[V,V]u---u'[V, [V, [■" ,[V,V]] 
spans the tangent space at every point of U. 

Proposition 3.26. Let S tz r(7T2) x ([0, oo) I/ \{0}). Suppose, for every M, 

{(X,d)eS: |d|oo <M} 

is finite. Also suppose for each 1 ^ /x ^ v, 

{X : (X,d) G S and d = 0,V// A fY\ satisfies Hormander’s condition on LI. 

Then C(S) is smoothly finitely generated on LY. 

Proof. Because LY is relatively compact in LI, for each 1 ^ n ^ v, there is a finite set 

c {(A, d) G C(S) : = 0, Vp' A n}, 

such that 

{A : M, (X, d) G 
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spans the tangent space at every point on some neighborhood of the closure of Cl'. Let 


M := max 


\d\ m :(X,d)e Qj-J, 

n =i J 


and define 

CF := {{X,d) £ £(<S) : |d|oo < M}. 

Note that J 7 is a finite set and Jy, c for every /i. We claim that J 7 smoothly controls £(5) on Q'. 
Indeed, let (X,d) £ £(<S). If |d|oo < M, then (X, d) £ J 7 and so T smoothly controls (X,d) on Cl', 
trivially. If |d|oo > M, then there is some coordinate p with d M > M. By the construction on Jy,, there 
is an open set f l" with Cl’ (<= Cl" C and such that the vector fields in T tl span the tangent space to 
every point of Cl". Hence, we may write 

x = 2 cy, e y, 

(Y,e)e.F„ 

where cy >e £ C' 00 (fl"). We have, for <5 £ [0, l] 1 ', 

<5 d X = ^ {S d ~ e c Y , e )S e Y. 

(y,e)eJ> 

Because d M > M, and in the sum e M < M and = 0 for p ^ //, we have {d d_e cy je : 5 £ [0,1]<= 
C ra 0 (fi') is a bounded set. Because T jt c J 7 , the result follows. □ 

3.2 Real Analytic Vector Fields 

Another situation where the concepts in this section become somewhat simpler is the case when the 
vector fields are real analytic. Indeed, we have 

Proposition 3.27. Let S cz T(TCl) x ([0, co) !/ \{0}) be a finite set such that V(X, d) £ S, X is real 
analytic. Then, C(S) is smoothly finitely generated on f Y. 

Proof. Let Cl" be an open set with ff g SI" C !1. It follows from Proposition 12.1 of [SS12I that Vx £ Cl, 
there is a finite set T x c C(S) such that V(X, d) £ £(<S), there is a neighborhood Ui x ,d), x of x such that 
T x smoothly controls (X, d) on U( X ,d),x- We may assume S c JF X . Define 

v x : = Pi U([x 1 ,x 2 ],d 1 +d 2 ),x- 

(Xi ,d 1 ),(X 2 ,d 2 )e^ x 

We have T x satisfies P s (14)- Lemma f3 . 21 1 implies that T x smoothly controls C(F X ) on V x , and therefore 
T x smoothly controls £(5) on V x . V x forms an open cover of the closure of Cl", and we may extract a 
finite subcover V Xl ,..., V XM . Set J- = (J i=1 J- Xl . A simple partition of unity argument shows that T 
smoothly controls £(<S) on Cl'. □ 

4 Definitions: Surfaces 

In this section, we define the class of 7 for which we study operators of the form m- We assume we 
are given an open set Cl <z K™. Fix open sets Cl' C Cl" (c Cl"' C Cl, where A (c B denotes that A is 
relatively compact in B. 

Definition 4.1. A parameterization is a triple ( 7 , e, N), where N £ N, 0 A ei,..., e x £ [ 0 , 00 )" 
define v- parameter dilations on S. N , and 7 (t,x) = 7 t (x) : B N (p) x Cl'" —► Cl is a (7® function satisfying 
7 0 (x) = x. Here, p > 0 should be thought of as small. If we want to make the choice of Cl, Cl"' explicit, 
we write our parameterization as ( 7 , e, N, Cl, Cl'"). 
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Suppose we are given a parameterization (7, e, N). Using the dilations, we assign to each multi-index 
a £ a corresponding degree, deg(a) £ [0, oo) 1 ', as in Definition 12.21 

When we are given a parameterization (7 ,e,N), because 70 is the identity map, we may always 
shrink p so that 7 1 is a diffeomorphism onto its image for every t £ B N ( p ). From now on we always do 
this, so that when we are given a parameterization, it makes sense to thinking about , yfi 1 (x), the inverse 
mapping. Furthermore, we shrink p > 0 so that ( 7 ^ ', e, N, D, Cl"") is a parameterization for some choice 
of Q"" with cl" crcii. 

Definition 4.2. A vector field parameterization is a triple ( W., e, N ) where JV £ N, 0 # ei,. .., ejv £ 
[0, co)" and W(t,x ) is a smooth vector field on Cl", depending smoothly on 1 £ B N (p ) for some p > 0, 
with W{ 0, x ) = 0. If we want to make the choice of Cl" explicit, we write (W, e, TV, Cl"). 

Proposition 4.3. Parameterizations and vector field parameterizations are in bijective equivalence in 
the following sense: 

• Given a parameterization (7, e, N, Cl, Cl'"), we define a vector field by 


W(t,x) 


d_ 

de 


let ° It 

6=1 


(4.1) 


For any Cl" (c Cl'", if we take p > 0 sufficiently small, then ( W , e, N, Cl") is a vector field parame¬ 
terization on Cl". 

• Given a vector field parameterization {W, e, N, f2") and given Di (c Ft", if we take p > 0 sufficiently 
small, there exists a unique 7 (t,x) : B N (p) x Di —> Cl" with io(x) = x such that 


W(t,x) 


d 

de 


let ° It 1 ( ;c )- 

e=l 


( 7 , e, N, Cl", Sli) is the desired parameterization. 

Proof. See Proposition 12.1 of IStrl2l for details. □ 

Remark 4.4. When we apply Proposition 14.31 to a vector field parameterization (W,e,N), we will take 
Di so that Cl' (<= Cli. In this way, we may consider Cl' fixed throughout this entire paper, despite many 
application of Proposition 14.31 

Definition 4.5. If ( 7 , e, N) and (W, e, N) are as in Proposition 031 we say that ( 7 , e, N ) corresponds 
to ( W,e,N ) and that (W,e,N) corresponds to ( 7 , e, N). 

Remark 4.6. If we are given a parameterization (7 ,e,N) or a vector field parameterization (W,e,N), 
we are (among other things) given a ^-parameter dilation structure on R w . In this case, it makes sense 
to write St for t £ M. N , S £ [ 0 , 00 )" via ( 12 . 11 ) . 

Definition 4.7. Let ( W , e, N, Cl") be a vector field parameterization and let 


(X, d) = {(*!,*), • • •, {X q , d q )} cz T(TCl") x ([0, oo) I/ \{0}) 


be a finite set consisting of C°° vector fields on Cl", Xj, each paired with a z/-parameter formal degree 
0 # dj £ [ 0 , 00 )^. We say (X,d) controls (W,e,N) on Cl' if there exists t\ > 0, p\ > 0 such that for 
every 5 £ [0, 1 ]", xq £ Cl', there exist functions cf°’ S on B N (pi) x B( X ,d) (xo,ti( 5) satisfying: 

• W(8t,x) = Td=i c i°’ S lt,x)S d, Xi(x) on B N (p ± ) x B [x ,d) (z 0 ,ti 6 ). 




(6X)“d?c*°' s (t,x) 

5e[0,l] 1 ' 
teB N (p 1 ) 


sup Xi 




|a| + |/3|^m 


< co, for every m. 
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Definition 4.8. Let (W,e,N,£l") be a vector field parameterization and let 

(x,d) = {(x 1 ,d 1 ),...,(x 9 ,d 9 )}cr(ra") x ([o,*>r\{o}) 

be a finite set consisting of C 00 vector fields on Q", X 3 , each paried with a ^-parameter formal degree 
0 # dj e [0, oo)£ We say (X, d) smoothly controls (W, e, N) on ST if there exists an open set S7i with 
ST C Hi (<= ST' and pi > 0 such that for each S e [0,1 ]" there exist functions c s 3 (t,x) e C CC (B N (pi) x fix) 
(1 ^ j ^ g) with 

• W(St,x) = i Cj(t,x)5 d iXj, on B N (p 1 ) x ST- 

• {c^ : S G [0,1]", j G {1,..., g}} tz C co (B N (pi) x Sli) is a bounded set. 

Remark 4.9. It is clear that if ( X , d) smoothly controls (W, e, N), then ( X , d) controls (IT, e, AT), though 
(as in Remark |3.71) the converse does not hold. 

Definition 4.10. Let (IT, e, AT, ST') be a vector field parameterization and let S £ r(TST') x ([0, oo)^\{0}). 
We say S controls (resp. smoothly controls) (W,e,N) on it' if there is a finite subset J- £ S such 
that T controls (resp. smoothly controls) (W,e,N). 

Definition 4.11. Let ( 7 , e, TV, S2, ST") be a parameterization and let S £ r(TST') x ([0, oo) I/ \{0}). We 
say S controls (resp. smoothly controls) ( 7 , e, N) on ST if S controls (resp. smoothly controls) the 
vector field parmeterization (W,e,N), where (W,e,N) corresponds to ( 7 ,e,N). 

Suppose (IT, e, N, f V) is a vector field parameterization. We can think of W[t) as a smooth function 
in the t variable, taking values in smooth vector fields on Q", satisfying W( 0) = 0. We express W as a 
Taylor series in the t variable: 

W(t) ~ ^ t a X a , (4.2) 

| a |>0 

where X a is a smooth vector field on ft". For the next definition, set 

S := {(A' a , deg(a)) : deg(a) 0 5^} . (4.3) 

Definition 4.12. Let (W, e, N, Cl") be a vector field parameteriation and let S be given by (14.31) . We 
say (W, e, N) is finitely generated (resp. smoothly finitely generated) on f l' if 

• C(S) controls (resp. smoothly controls) (W,e,N). 

• C(S) is finitely generated (resp. smoothly finitely generated). 

If C(S) is finitely generated (resp. smoothly finitely generated) by J 7 , and we wish to make this choice 
of T explicit, we say ( W,e,N ) is finitely generated (resp. smoothly finitely generated) by J- on Cl 1 . 

Definition 4.13. Let ( 7 , e, N, il, fl'") be a parameterization. We say ( 7 , e, N) is finitely generated 
(resp. smoothly finitely generated) on Q' if (W, e, N ) is finitely generated (resp. smoothly finitely 
generated) on f V, where ( 7 , e,N) corresponds to (W, e, N). We say ( 7 , e, N) is finitely generated 
(resp. smoothly finitely generated) by T on Q' if (W, e, N ) is finitely generated (resp. smoothly 
finitely generated) by T on f V. 

Remark 4.14. Note that if ( 7 , e, N) (or (W, e, IV)) is finitely generated (resp. smoothly finitely generated) 
by T on f V, then T satisfies 2?(f V) (resp. X> s (f2'))-see Lemma T3.221 

Remark 4.15. If ( 7 , e,IV) (or (W,e,N)) is finitely generated (resp. smoothly finitely generated) on fl', 
then there may be many different choices of finite sets T £ £(S) such that ( 7 ,e,N) (or (W,e,N)) 
is finitely generated (resp. smoothly finitely generated) by T on O'. However, by Remark 13.151 any 
two such choices are equivalent (resp. smoothly equivalent) on IT, and are equivalent for all of our 
purposes. Thus we may unambiguously say ( 7 ,e,N) (or ( W,e,N )) is finitely generated (resp. smoothly 
finitely generated) by T on Cl’, where J- can be any such choice. This choice of T satisfies D(Q!) (resp. 
/ D s (fl))-see Remark 14.141 
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In Definition 14.121 we factored the definition that (IT, e, N) be finitely generated into two aspects. 
Sometimes it is easier to verify a slightly different characterization. We continue to take S as in (14.41) 
and define 

V := {(X a ,deg(a)) : \a\ > 0}. 

Note that 5 c V. 

Proposition 4.16. Let (IT, e, N, Cl") be a vector field parameterization. Then ( W,e,N ) is finitely 
generated (resp. smoothly finitely generated) on Cl' if and only if 

• £(V) is finitely generated (resp. smoothly finitely generated) on Cl'. 

• C(V) controls (resp. smoothly controls) (W,e,N) on Cl'. 

• £(<S) controls (resp. smoothly controls) V on Cl'. 

Proof. Suppose the above three conditions hold. Let £(V) be finitely generated (resp. smoothly finitely 
generated) by F on Cl'. Since £(<S) controls (resp. smoothly controls) V on Cl', £(<S) controls (resp. 
smoothly controls) £(V) on ST, and therefore £(<S) controls (resp. smoothly controls) F on Cl'. Since F 
controls (resp. smoothly controls) £(V) on Cl', and C(S) <= £(V), F controls (resp. smoothly controls) 
£(<S) on Cl'. Thus £(<S) and F are equivalent (resp. smoothly equivalent) on Cl'. I.e., C(S) is finitely 
generated (resp. smoothly finitely generated) by F on Cl'. Since £(V) controls (resp. smoothly controls) 
( W,e,N) on Cl', and F controls (resp. smoothly controls) £(V) on Cl', it follows that F controls (resp. 
smoothly controls) ( W,e,N) on Cl'. Since £(<S) and F are equivalent (resp. smoothly equivalent) on 
Cl', it follows that C(S) controls (resp. smoothly controls) (W,e,N) on Cl'. This shows that (IT, e, N) is 
finitely generated (resp. smoothly finitely generated) by F on Cl'. 

Conversely, suppose (IT, e, N) is fintiely generated (resp. smoothly finitely generated) by F on Cl'. 
Becuase J- controls (resp. smoothly controls) (W,e,N) on Cl', it follows that J- controls (resp. smoothly 
controls) V on Cl'. Because C(S) and F are equivalent (resp. smoothly equivalent) on Cl', it follows that 
£(<S) controls (resp. smoothly controls) V on Cl'. Thus, £(<S) controls (resp. smoothly controls) £(V) 
on Cl'. Since 5eV, £(<S) £ £(V) and therefore £(V) smoothly controls £(<S) on D'. Hence £(<S) and 
£(V) are equivalent (resp. smoothly equivalent) on Cl'. Combining the above, we have £(V) and J- are 
equivalent (resp. smoothly equivalent) on Cl'. Therefore, £(V) is finitelty generated (resp. smoothly 
finitely generated on Cl'). Futhermore, since £(5) controls (resp. smoothly controls) (W,e,N) on Cl', 
by assumption, £(V) controls (resp. smoothly controls) ( W,e,N) on O'. This completes the proof. □ 

Example 4.17. It is instructive to understand how a parameterization (7 ,e,N) can fail to be finitely 
generated. When v = 1, there are three main ways this can happen: 

(i) If S is given by (14.31) . it could be that £(<S) fails to be finitely generated. On R 2 define dilations 
by multiplication: 5(s,t) = (5s, St) (i.e., N = 2 and e\ = 1, e<i = 1). Let X\ = X 2 = e~ ^ 
and W(s,t) = sXi + tX 2 . Then £(<S) is not finitely generated on any open set containing 0. See 
Example 13.231 

(ii) If £(<S) is finitely generated by T on Cl', and if one sets Fq := {X : (X, d) e F}, then for X, Y e F$, 
[X, Y] is spanned by elements of Fq (with appropriately nice coefficients). The Frobenius theorem 
applies in this setting (see Section 2.2 of |Strl4| l to foliate the ambient space into leaves. Our 
assumptions imply that 7 t(x) lies in the leaf passing through x. This is not always the case. For 
instance, if 7 *( 2 ) : R x 1 —> R is given by 7 t (x) = x — e - * 1 , then X a = 0 Va, and therefore the 
leaves are points. Thus, for t F 0, 7 t(x) does not lie in the leaf passing through x. 

(iii) Even if £(5) is finitely generated, and 7 t(x) lies in the appropriate leaf, it may still be that £(5) 
does not control 7 t(x). Informally, this is because "ft(x) does not lie in the leaf in an appropriately 
“scale invariant” way. To create such an example we work on R. We define the vector field W(t, x) 
by 

_ 1 d _ 1 d 

W(t,x)=te n? ——he t*x—. 

ox ox 
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Here N = 1, ei = 1. Let ( 7 , 1 , 1 ) be the parameterization corresponding to the vector field 
parameterization (W, 1,1). Note that 


7 t{x) is 


negative, 
< zero, 
positive 


if x is negative, 
if x is zero, 
if x is positive. 


In this case, there is only one nonzero X a , namely X\ = e - * 7 Thus, the leaves of the corre¬ 
sponding foliation are (— 00 , 0 ), { 0 }, and ( 0 ,oo), and we see that y t (x) does in fact lie in the leaf 
passing through x. Finally, we claim that 7 is not controlled by {(Ad,l)} on any neighborhood 
of 0 e R. If 7 were controlled, it would imply, in particular, that there exists a to # 0 such that 

__i. j 

for every x near 0, e *o x = c(x)e~ T 7 , with c(x) bounded uniformly as x —* 0. This is clearly 
impossible. 


The reader might note that all of the above examples used functions which vanished to infinite order. 
This is necessary in the sense that when v = 1 and 7 is real analytic, ( 7 , e, N) is automatically smoothly 
finitely generated; see Corollary 14.311 

Example 4.18. When v > 1, Proposition 14.161 highlights another way in which ( 7 ,e,N) could fail to be 
finitely generated: C(S) could fail to control V on S2', and this can happen even if 7 is real analytic. For 
instance, consider the the curve 7 ( s ,t) ( x ) = x — st. Here we are using the dilation (<5i, 62 )(t, s) = (Sit, 62 s). 
Then every vector fields in S is the zero vector held, however (J|, ( 1 ,1)) e V, so C(S) does not control 
V. It is interesting to note that there is a product kernel K(s,t) such that the operator given by (11.11) . 
with this choice of 7 , is not even bounded on L 2 . This dates back to work of Nagel and Wainger INW77I . 
See, also, Section 17.5 of Si r 12 . 

If ( 7 ,e,N) (or (W,e,N)) is finitely generated (resp. smoothly finitely generated) by J- on ST, then 
J- satisfies £>(ST) (resp. XL (ST)) by Lemma [3.221 The next result addresses the extent to which the 
converse is true. 


Proposition 4.19. Suppose S c r(TSl) x U„. Suppose C(S) is finitely generated by T on ST. Then, 
there is a finite subset So c S and a vector field parameterization (IF, e, N, SI) such that (W, e, N) is 
finitely generated by X u So on fX (and is finitely generated by T on fl'). If, in addition, C(S) is 
smoothly finitely generated by T on ST, then (IF, e, N) is smoothly finitely generated by T u So on ST. 

Proof. Suppose C(S) is finitely generated (resp. smoothly finitely generated) by T on D!. Then, there 
is a finite subset So ^ S such that C(Sq) is finitely generated (resp. smoothly finitely generated) by T 
on fl'. Setting T' = T u So, we see that C(S) is finitely generated (resp. smoothly finitely generated) 
by T' on ST and that T' and T are equivalent (resp. smoothly equivalent) on £T. Enumerate T' : 

F' = {(X 1 ,di),...,(X q ,d q )}. 

Set N = q and define jz-parameter dilations on R w by ej = dj. Set 

W(t,x) = J] tjXj. 

3 =1 

Clearly, W is smoothly controlled by T' on ST. Furthermore, if we define X a as in (14.21) and S' by 
(14.31) . then we have So £ S', then therefore J 7 ' is controlled (resp. smoothly controlled) by C(S') on ST. 
Since T' clearly controls (resp. smoothly controls) £(<S') on ST, we see W is finitely generated (resp. 
smoothly finitely generated) by T' on SI'. □ 

Remark 4.20. The point of Proposition 14.191 is the following. Suppose S <= P(TSI) x cC is such that 
C(S) is finitely generated on ST. Then, C(S) “comes from a parameterization” in the following sense. 
Applying Proposition |4T9l we obtain a parameterization (IF, e, N, SI) which is finitely generated on SI' 
and such that if we define S' by (14.31) with this choice of W, then C(S) and C(S') are equivalent on ST. 
I.e., C(S) and ( W,e,N ) are finitely generated by the same T on SI'. 
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Remark 4.21. The vector field parameterization exhibited in Proposition 14.191 corresponds to a param¬ 
eterization (7 ,e,N) via Proposition 14.31 In this case, 7 is easy to write down. Indeed, 

7 (t 1 ,...,tg)( a: ) = e tlA ' lH vtqXq x. 

Some of our results can be strengthened if we assume that the parameterization involved is even 
better than finitely generated, which we now present. 

Definition 4.22. Let (W,e, N, Cl") be a vector Held parameterization. We say (W,e,N) is linearly 
finitely generated (resp. smoothly linearly finitely generated) on Cl' if 

• Tq := {(X a , deg(a)) : deg(a) e and |a| = 1} satisfies V(Cl’) (resp. V s (Cl')). 

• Tq controls (resp. smoothly controls) ( W,e,N ) on Cl'. 

If T cz r(TT2) x is another finite set such that To and T are equivalent (resp. smoothly equivalent) on 
Cl', we say (IT, e, N) is linearly finitely generated (resp. smoothly linearly finitely generated) 
by T on Cl'. (In particular, one can take T = Tq in this case.) 

Definition 4.23. Let ( 7 , e, N, Cl, Cl"') be a parameterization. We say ( 7 , e, N) is linearly finitely gen¬ 
erated (resp. smoothly linearly finitely generated) on Cl 1 if ( W,e,N ) is linearly finitely generated 
(resp. smoothly linearly finitely generated) on Cl', where ( 7 , e, N) corresponds to (W,e,N). We say 
( 7 , e, N) is linearly finitely generated (resp. smoothly linearly finitely generated) by T on Cl' 
if (W, e, N) is linearly finitely generated (resp. smoothly linearly finitely generated) by T on Cl'. 

Lemma 4.24. If ( 7 , e, N,Cl,Cl'") is linearly finitely generated (resp. smoothly linearly finitely generated) 
by T on Cl', then ( 7 , e, N, Cl, Cl'") is finitely generated (resp. smoothly finitely generated) by T on Cl'. 

Proof. Suppose ( 7 , e, IV) is linearly finitely generated by T on Cl'. We may take T = To, where To is 
as in Definition 14. 221 Let (W, e, N) be the vector field parameterization corresponding to ( 7 , e, N), and 
let S be as in (POll . By definition, (W,e,N) is linearly finitely generated by T on Cl', and therefore 
T controls S on Cl'. Since T satisfies T>(Cl'), T controls C(S) on Cl', and therefore £(<S) is finitely 
generated on Cl'. Furthermore, since T = To Q S E £(<S), £(<S) controls T on 12', and therefore £(5) 
controls ( W,e,N ) on Cl'. This shows that (W,e,N) and ( 7 , e, N) are finitely generated by T on Cl'. 
A similar proof works if ( 7 , e, N) is smoothly linearly finitely generated to show ( 7 , e, N) is smoothly 
finitely generated. □ 

Proposition 4.25. Suppose T a r(TT2) x and satisfies V(Cl') (resp D s (Cl')). Then, there exists 
a parameterization (7 ,e,N) such that (7 ,e,N) is linearly finitely generated (resp. smoothly linearly 
finitely generated) by T on Cl'. 

Proof. The example from Proposition 14.191 and Remark 14.211 works. I.e., write 


T = {(Ad, di), ..., (X q , d q )} c= r(Tfi) x D v , 

and define dilations on R 9 by ej = dj. Then, (7 ,e,q) satisfies the conclusions of the proposition, where 

7 t (x) = e tlXl+ ' +tqXq x. 


□ 

Example 4.26. The most basic example of a linearly finitely generated parameterization is arises when 
v = 1 , N = n and we use the standard dilations 5(ti ,..., t n ) = (Sti ,..., St n )', i.e., e\ = ■ ■ ■ = e n = 1. 
Take 

7 t{x) = x - t. 

Then ( 7 , (1,..., l),n) is linearly finitely generated. In this special case, the operators we consider are 
just standard pseudodifferential operators on R”. Thus, the linearly finitely generated case will help us 
to generalize the setting of pseudodifferential operators to a non-translation invariant, non-Euclidean 
setting. See Section I7TTTT1 for further details on this. 
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Example 4.27. For ( 7 , e, TV) to be linearly finitely generated is a much stronger hypothesis than for 
( 7 , e, TV) to be merely finitely generated, even when v = 1. We present a few examples which help to 
elucidate the difference. 

(i) When TV = n = 2, v = 1, and we take the standard dilations S(s,t) = ( 6 s, St ), then if 

7 (s,t) ( x ) =x-(s,t), 

we have ( 7 , (1,1), 2) is linearly finitely generated (on any open set in R 2 ). However, if 

7 («, t)(x) = x - (s,t 2 ), 

( 7 , ( 1 , 1 ), 2 ) is finitely generated but not linearly finitely generated. 

(ii) When TV = n = 1 and we use multiparameter dilations e\ = (1,1) (i.e., ( 6 i, 62 )t = 6162 i), then if 

7 t(x) =x-t, 

( 7 , ((1,1)), 2) is neither finitely generated nor linearly finitely generated (on any open subset of R). 

(iii) On the Heisenberg group H 1 (see Example 13.241) . we define 

W((s,t)) = sX + tY. 

If we use the standard dilations e\ = 1, e 2 = 1, then (W, e, 2) is finitely generated, but not linearly 
finitely generated: ( X , 1) and (Y, 1) do not control ([X, Y], 2) = (T, 2). Here, if X and Y are taken 
to be right invariant vector fields, 

7s,*0*0 = (s,t,0)x, 

where x e H 1 , and (s,t,0)x denotes group multiplication. See |Ste93l for an exposition of the 
Heisenberg group. 

(iv) As in the previous example, we use the Heisenberg group H 1 , but now take TV = 3 and define 
ei = 1, e 2 = 1, e-i = 2. If we define 

W((ti,t. 2 ,t 3 )) = t\X + t 2 Y + t 3 T, 

then (IF, (1,1, 2), 3) is linearly finitely generated. Here, 

7ti,t2,t 3 ( a: ) = (ti,t 2 ,t 3 )x, 

where, again, (t\,t 2 ,t 3 )x denotes group multiplication. 

(v) If we take 7 ii,t 2 ,t 3 (£) as in the previous example, but use multiparameter dilations e\ = (1,0), 
e 2 = (0,1), and e 3 = (1,1), then ( 7 , e, 3) is finitely generated but not linearly finitely generated. 

4.1 Hormander’s condition 

One situation where Definition l4.12l is particularly easy to verify is when some of the vector fields satisfy 
Hormander’s condition (see Definition 13.251) . Let (W, e, TV, Cl") be a vector field parameterization with 
v parameter dilations. As in (14.21) . let W(t) ~ Xj | q | >0 t a X a , so that X a is a smooth vector field on Cl". 
Let S be as in (14.31) . 

Proposition 4.28. Suppose for each 1 ^ p ^ v, 

{X a : deg(a) is nonzero in only the p. component} ^ 

satisfies Hormander’s condition on Cl ", 

and suppose C(S) controls (resp. smoothly controls) (X Q ,deg(a)) on Cl' for every a. Then W is finitely 
generated (resp. smoothly finitely generated) on Cl'. 
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Proof. As before, let V := {(A a , deg(a)) : |a| > 0}. Note that S <= V. By Proposition 13.261 £(V) is 
smoothly finitely generated on 12 '. In light of Proposition 14.161 the proof will be complete if we show 
£(V) smoothly controls (W,e,N) on 12 '. 

Fix an open set I2i with 12' (c I2i C 12". Because f2i is relatively compact in 12", and because of 
m , for each 1 ^ /x ^ z/, there is a finite set 

s {(A, d) e £(V) : d M z = 0, V # /4 


such that 

{A : 3d, (A,d) e A M } 

spans the tangent space at every point on some neighborhood of the closure of S2i. Let 


M := max 


d|co : (A, d) £ [J A u. 1 • 

m=i J 


and define 

A: = {(A, d) £ £(V) : |d|oo < M}. 

Note that A is a finite set and A M c A, for every p. We claim A smoothly controls (W, e, A) on 12'. 

By using the Taylor series of W, there is a finite set of multi-indices A a such that Ma £ A , 
| deg(a)|oo > M, and such that we may write 

W(t,x) = ^ + E 

| deg(o:)|oo^Af a:G.A 


where W a (t) is a smooth vector field on 12", depending smoothly on t. It is clear that for | deg(a)|oo < M, 
t a X a is smoothly controlled by A on 12', as (A a , deg(a)) e A by construction. The proof will be complete 
if we show, for a s A, t a W a (t) is smoothly controlled by A on 12'. 

Fix a e A, since | deg(a)|oo > M, there is a p £ {1,..., u] such that deg(a) /i > M. Using that A M 
spans the tangent space at every point of S2i, we may write 

t a W a {t,x) = ^ t a c z (t,x)Z(x), 

(z,d)eF^ 

where cz £ C CC (B N (p) x I2i) (where the domain of W(t) in the t variable is B N (p)). Thus, we have, for 

<5 £[ 0 , 1 ]", 

(5t) a W a (St,x) = J] t a 6 deg{a) - d c z {6t,x)6 d Z(x). 

(Z,d)eJ> 

Using that for (Z,d) £ A M , deg(d) is nonzero in only the p component, and deg(d) M < M, we see that 
deg(a) — d is nonnegative in every component. It follows that 

{t a 6 des ^- d c z (St, x):Se [0,1]", (Z, d) £ A M } c C cc {B N {p) x y) 

is a bounded set. Hence, t a W a (t) is smoothly controlled by A M on 12', and therefore it is smoothly 
controlled by A on 12'. This completes the proof. □ 

Corollary 4.29. Suppose that v = 1 and that 

{X a : |a| > 0} satisfies Hormander's condition on 12". 

Then W is smoothly finitely generated on 12'. 

Proof. In this case, (A a ,deg(a)) £ S for every a, and therefore C(S) smoothly controls (A a ,deg(a)) 
for every a, trivially. The result follows from Proposition 14.281 □ 
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4.2 Real Analytic Surfaces 

Another situation where Definition 14.121 is easy to verify is when the vector field W is real analytic. 
Indeed, let (W, e, N, O") be a vector field parameterization with v parameter dilations and with W real 
analytic. We write W as a power series in the t variable, so that for t small, W{t,x) = J]| a |> 0 t a X a , 
where X a is a real analytic vector field on 12" . Let S be as in (14.311 . 

Proposition 4.30. Suppose C(S) controls (resp. smoothly controls) (X Q ,deg(a)) on O' for every a. 
Then W is finitely generated (resp. smoothly finitely generated) on O'. 

Proof. As before, let V := {(A a ,deg(a) : |a| > 0}. Note that <S £ V. Theorem 9.1 of [SS121 shows for 
each xo e O", exists a neighborhood U Xo containing x$ and a finite set F Xo tz N w such that 

W(t,x) = ^ c(f(t,x)t a X a (x), onU Xo , 

otEF hq 

where dff(t,x) : B N (p Xo ) x U Xo —> M is real analytic, and p Xo > 0. 

U XQ forms a cover of the closure of f2', which is a compact set. Extract a finite subcover, U Xl ,..., U XM , 
and set 

M 

F = (J F xn po := min {p xi : 1 ^ l ^ M} . 

1=1 

A partition of unity argument shows that there is an open set Di with (c g ^2 ,,, and with 

W(t,x) = ^ c a (t,x)t a X a (x), on f2i, (4.5) 

OlEF 

with c a e C CC (B N (p 0 ) x Di). Set T := {(A a ,deg(a)) : a e F}. (14.51) shows that T smoothly controls 
(W, e, N) on O', and therefore £(V) smoothly controls (W, e, N) on iY. 

Furthermore, because 

xp = itfw(t) , 

P- t=0 

m shows that Xp is a C' G0 (Di) linear combination of {X a : a e F, a < /3} where a < (3 means the 
inequality holds coordinatewise. Thus, Xp is a C®(f2i) linear combination of {X a : a e F, deg(a) < 
deg(/3)}, and it follows that F smoothly controls (Xp, deg(/3)) on 12', V/3. I.e., F smoothly controls V 
on f2'. Thus, C(F) smoothly controls £(V) on f2'. Because F c V, this shows that C(F) and £(V) 
are smoothly equivalent. Proposition 13.271 shows that C(F) is smoothly finitely generated on 12', and 
therefore £(V) is smoothly finitely generated on 12'. 

The result now follows by combining the above with Proposition 14.161 □ 

Corollary 4.31. When v = 1 and when W is real analytic, then W is smoothly finitely generated on 

O'. 

Proof. In this case (X a , deg(a)) e S , Va, so the conditions of Proposition |T30] hold automatically. □ 

5 Results: Non-isotropic Sobolev Spaces 

Let O c be an open set, and fix open sets Oo C O' <<= O. Let S a T(TO) x 0^. We wish to 
define Sobolev spaces where for each ( X , d) e <S, X is viewed as a differential operator of “order” 
0 A d e [ 0 , 00 )". We restrict attention to functions supported in Oo. There are two main assumptions 
that we deal with: 

Case I: £(<S) is finitely generated on O'. 

Case II: C(S) is linearly finitely generated on O'. 
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Notice that Case II implies Case I, and our results in Case II will be stronger than in Case I. In Case 
II, for 1 < p < oo and 5 6 ffi 1 ' we define non-isotropic Sobolev spaces consisting of functions supported 
in Clo, denoted by NL^. In Case I, we do the same, but must restrict to |<5| small in a way which is made 
precise in what follows. 

In what follows, we make several choices in defining the norm which induces the space NL((. Different 
choices yields comparable norms: for all <5 in Case II, and for |<5| small in Case I. In Case I, how small 
|(5| needs to be depends on the various choices made. See Theorem 15.31 where this is made precise. 

Definition 5.1. An ordered list 2D = {y, ( 7 , e, N, D, Cl'"), a, ??, , ip) is called Sobolev data on 

Cl' if: 

• 0 A v e N. 

• Cl, Cl', and Cl'" are open with Cl' (c Cl'" g!lc R". 

• ( 7 , e, N, Cl, Cl'") is a parameterization, with ^-parameter dilations 

0 A ei,..., eN 6 [ 0 , oo) 1 '. 

Here, 7 (t,x) : B N (p) x Cl'" —> Cl, for some p > 0. 

• 0 < a < p is a small number (how small a must be depends on 7 , and will be detailed later). 

• ( 7 , e, N, D, Cl"') is finitely generated on D'. 

• 77 e and {Sj}jm» ez S i '(R N ) is a bounded set with <,j e ^ 0 } and satisfies So(t) = 

rj(t) S ' 2 ^)- Here, <jj 2 ^ is defined by the dilations e-see ( 12 . 21 ) . Note that such a choice of 77 

and always exists by Lemma 12.31 

• ip e Cg°(S 2 ') with ip = 1 on a neighborhood of the closure of Do- 

We say 2D is finitely generated by T on Cl' if ( 7 , e, N, Cl, Cl"') is finitely generated by T on Cl!. We 
say 2D is linearly finitely generated on Cl' if ( 7 , e, N, Cl, Cl'") is linearly finitely generated on Cl', and 
we say 2D is linearly finitely generated by T on Cl' if ( 7 , e, N, Cl. Cl"') is linearly finitely generated 
by T on Cl!. 

Given Sobolev data 2D = ( v, ( 7 , e, N, Cl, Cl"'), a, 77 , {cj : j e N"}, ip), define Dj = Dj( 2D), for j e N", by 

Djf(x) = ip(x) J / {y{x))ip('y t {x))r](t)^ 2 \t) dt. (5.1) 

Note that Xl ieN „ Djf = ip 2 f; in particular, if supp (/) c= fi 0 , Ejerr D jf = /■ 

Definition 5.2. Given Sobolev data 2D, for 1 < p < 00 , 6 e R 1 ', we define (for / e Cq°(Oo)), 

1/IInlJ( s>) := 

where Dj = Dj( 2D) is defined in (15.11) . We define the Banach space NL^(2D) to be the closure of C'o°(IIo) 
in the norm |H| nl j (X)) . 

If 2D is finitely generated by T on O', then the next result shows that the equivalence class of |H| NL P(£q 
depends only on J 7 , for |5| sufficiently small. If 2D is linearly finitely generated by T on Cl', it shows that 
the equivalence class depends only on T for all 6 e R". 

Theorem 5.3. Let 

2D = (y, ( 7 , e, N, Cl, Cl'"), a, rj, {gj}j e ^,ip) and 
2D = (y, ( 7 , e, N, Cl, Cl'"), a, rj, , f>) 

both be Sobolev data. If a > 0 and a > 0 are chosen sufficiently small (depending on the parameteriza- 
tions) we have: 


1 
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(I) If 2) and 2) are both finitely generated by the same T on O', then for 1 < p < go, Be = 
e{p, ( 7 , e, N), ( 7 , e, N)) > 0 such that for 5 £ R" with |<5| < e, 

II/IInl ?(S ) * !/IInl ?( £) - V/£C 0 ”(Do). 

Here, the implicit constants depend on 2), 2), and p. 

(II) If 2) and 2) are both linearly finitely generated by the same J- on O', then for 1 < p < 00 , 5 £ R 1 ', 

II/IInljcd) * II/IInl 5(®) > v/£C 0 ”(fio). 

Here, the implicit constants depend on 2), 2>, p, and 5. 

Proof. The proof of this result is completed in Section [13l □ 

Theorem 15.31 implies a few properties of the norm || (si) ■ When 2> is merely finitely generated^ 
it shows that the equivalence class of the norm ||■ Inl p (x>) does not depend on the choices of a, 77 , {q,}, 
and if, for |5| < e for some e = e(p, ( 7 , e, N)) > 0. When T> is linearly finitely generated, it shows that 
the equivalence class does not depend on the choices of a, 77 , {< 7 }, and if, for any del 17 . We are led to 
the following definition. 

Definition 5.4. Let ( 7 , e, N, ff, id'") (with f Y (c O'") be a parameterization which is finitely generated 
on ft'. For / £ Cg°(fio), we write ||/j| NL P ( 7 e to denote ||/Inl p (s)> w here 2) can be any Sobolev data 
of the form 

2) = (v, 

with a > 0 small. By Theorem [531 equivalence class of |H| nl p ( 7 e N ) is well-defined for |5| < e, for some 
e = e(p, ( 7 , e, AT)) > 0. If, in addition, ( 7 ,e,N) is linearly finitely generated on IT, then the equivalence 
class of ||.|| nl?(7 e>Ar ) is well-defined for all 6 £ R". 

Now consider the setting at the start of this section. We are given a finite set S cz T(TO) x c)„. We 
assume either £(<S) is finitely generated by some T cz T(Tfi) x ([0, co) I/ \{0}) on Q' (Case I), or C(S) is 
linearly finitely generated by some T <z T(TT2) x 0 ^ on f V (Case II). In Case I, Proposition 14.19| and 
Remark 14.201 show that there is a parameterization ( 7 , e, N) such that ( 7 , e, N) is finitely generated by 
by J- on Cl'. In Case II, Proposition 14.251 shows that there is a parameterization ( 7 , e,N) such that 
( 7 , e, N) is linearly finitely generated by T on OI. Theorem 15.31 shows that, given S , any two such 
choices of ( 7 , e, N) and ( 7 , e, N) yield comparable norms for all 6 in Case II-when ( 7 , e, N) and ( 7 , e, N) 
are both linearly finitely generated by J- on Cl 1 , and in Case I for all <5 sufficiently small (depending 
on p and the choices of ( 7 , e, N) and ( 7 , e, iV))-when ( 7 , e, N) and ( 7 , e, N) are both finitely generated 
by T on In Case II, this means that the equivalence class of ||'Hnl p (7 e jv) depends only on S , 

V<5 £ R". In Case I, this implies that, when thought of as a germ of a function near 0 in the S variable, 
the equivalence class of the norm ||-|| nl p ( 7 e N ) depends only on S. 

Definition 5.5. For v £ N, we write / : Rg —> R to denote that / is a germ of a function defined near 
0 £ R". If we write a; £ Rg, we mean that a; is a variable defined on as small a neighborhood of 0 as 
necessary for the application. Thus, it makes sense to write f(x), for x £ Rq, for / : Rg —> R. 

Definition 5.6. Suppose S cz F(Tfl) x 5„. 

(I) If £(S) is finitely generated on fT, then for 1 < p < co and 6 £ Rq, we write ||/|| NL P( 5 ) := 
II/IInl p ( 7 e jv) ^ 0r / e Co°(^ / )- The equivalence class of the norm |M| nl p( S ) is well-defined as a 
germ of a function in the S £ Rq variable. 

14 Recall, it is part of the definition of Sobolev data the X) be finitely generated. 

ls Note that the choice of T which finitely generates (resp. linearly finitely generates) £(S) is irrelevant-any two such 
choices are equiavalent on Q'. 
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(II) If £(<S) is linearly finitely generated on 17', then for 1 < p < oo and S e R", we write ||/||nl£(s) := 
||/||n L p ( 7 e jy), for / £ The equivalence class of the norm |H| ni p(s) is well-defined V<5 e R". 

Remark 5.7. Suppose 2) is Sobolev data which is finitely generated by T on 17'. Then, for 1 < p < oo, 
<5eR£, 

II/IInLJ(S) ^ II/IInLJ^) ) / e Co°(^o)- 

If 2) is linearly finitely generated by T on 17', the above holds V<5 el 11 . 

Proposition 5.8. Let 2) be Sobolev data. Then for l < p < cc, 

ll/llNLg(S) II/IIlp > / 6 ^0°(^o), 

where the implicit constants depend on p and 2 ). 

Proof. The proof is contained in Section [13l □ 

5.1 Comparing Sobolev Spaces 

Fix open sets I7o 17' C 17C 17 c R n . Let S cz T(TI7) x and S cz T(T17) x £L be finite sets. As in 
the previous section, we separate our results into two cases: 

Case I: £(<S) and £(<S) are finitely generated on 17'. 

Case II: £(5) and £(<S) are linearly finitely generated on 17'. 

In light of Definition 15.61 it makes sense to talk about NL|(<S) and NL|(<S) for 5 e Rg and 6 e Rg in 
Case I, and S e R" and 6 e R" in Case II. 

From S and S we create a set of smooth vector fields on 17, paired with v = v + v parameter formal 
degrees by 

5 := { (X, (d, 0,)) : (X, d) e §) (J { (x, (0*, d)) : (X, d) e 5 } , 

where O 5 denotes the 0 vector in R" and CL denotes the 0 vector in R". We now introduce the main 
hypothesis of this section. 

Assumption 5.9. We assume 

• In Case I, we assume £(<S) is finitely generated on 17'. 

• In Case II, we assume C{S) is linearly finitely generated on 17'. 

We assume Assumption 15.91 for the remainder of the section. As before, in light of Definition 15.61 it 
makes sense to talk about the norm || • ll NL **(s) f° r ^ e ®-o i n Case I, and for 6 e R y in Case II. 

Remark 5.10. Assuming that £(<S) is finitely generated (resp. linearly finitely generated) on 17' implies 
that £(<S) and £(<S) are finitely generated (resp. linearly finitely generated) on 17'. Thus, Assumption 
15.91 contains all the assumptions of this section. 

So that we may precisely state our results, in Case I pick Sobolev data 

2) = (u,( 7,e,7V,f7,17 ,,, ),a,f?,{? 7 }j e ^,^) 

2) = (z>, ( 7 , e, iV, 17,17'"), a, 77 , {^} jeN o,^) 

® = {v, ( 7 , e, N , 17,17'"), a, p, , ip) 

so that 2) and £(<S) are finitely generated by the same T on 17', 2) and £(<S) are finitely generated by the 
same T on 17', and 2) and £(5) are finitely generated by the same T on 17'. This is always possible-see 
Proposition Id. 191 and Remark 14.201 
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Theorem 5.11. 


• In Case I, for 1 < p < oo, S £ Rg and S E Rg we have 

II/IInl*- o } (s) ^ II/IInlJ(s) > II/Inl^ o S) (s) ^ II/IInl?(s) > ^/ e C(f(^o)- 

More precisely, for 1 < p < oo, 3e = e(p , ( 7 , e, N), ( 7 ,e,N), (7 ,e,N)) > 0 such that for 6 £ R 1 ', 
6 £ R" with |5|, |<5| < e, we have 

II/IInL^ o ) (X>) ^ II/InlJCD) ’ II/IInlJ, S) (S) ^ II/IInL|(») ’ 6 Wo), 

where the implicit constants depend on p, 6, 6, T), 2 ), and 2 ). 

• In Case II, for 1 < p < 00 , 5 e R 1 ', and 5 e R 1 ', we have 


" NL ko^ 


HnlJ(S) 


ll/ll NL ^.,(5) 


iInlJ(s) 


v/ e c?(n 0 ). 


where the implicit constant depends on p, 6, S, and the choices made in defining the above norms. 

Proof. This is proved in Section 113.11 □ 

In what follows, it will be convenient to write an element of [0,1]" as 2 -J , where j £ [0, 00 ]". Here, 
2~l = ( 2 -J1 ,..., 2 - - 71 ') (and similarly for v replaced by v or v). 

Let A be a H x t> matrix whose entries are all in [0, 00 ]. In both Case I and Case II, we assume: 

C(S) A-controls S on ft'. 

In what follows we write A 4 (i5) for S £ [0, oo) 1 '. Here, we use the convention that 00 • 0 = 0 but 00 • x = 00 
for x > 0 . 

Theorem 5.12. Under the above hypotheses, we have 

• In Case I, for 1 < p < 00 , S £ Rg, S £ Rg n [0, oo) 1 ', and such that X t (S) is not equal to 00 in any 
coordinate, 

l/l NL ^ +( _ At(S) J)(5) ~ ll/ll NL f(5) ! / e Qj°(^ 0 ). (5.2) 

More precisely, for 1 < p < oo, 3e = e(p, ( 7 , e, IV), A) > 0, such that for 6 £ R y and 5 £ [0, go) 1 ' 
with |<5|, |<5| < e, and such that A t (S) is not equal to 00 in any coordinate, 

II/IInl p - (xi) ~ II/IInlJ(s) ) / e Ctf(^o)- (5.3) 


• In Case II, for 1 < p < 00 , <5 £ R", 8 £ R 1 ' n [0, oo) 1 ', and such that A 4 (j) is not equal to 00 in any 
coordinate, 

ll/l NL £ +( _ xt(S) S) (s) ~ II/IInl;(S) ) / G Co°(^o)- (5-4) 

Proof. This is proved in Section 113.11 □ 

Remark 5.13. By changing <5, dsa and (15.41) can be equivalently written as 

H^InL^ccmo/S) ~ ll / l | NLj +(At(5o)i0) (5) ’ / 6 Wo)- (5-5) 

A similar remark holds for (15.31) . 

Corollary 5.14. Under the above hypotheses, we have 
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• In Case I, for 1 < p < co, 5 e Rg n [0, oo) 1 ' and such that X t (8) is not equal to oo in any coordinate, 

I/IInl ? (5)^II/In^.( 5). / e Wo), 

<5 v ' A r (6) v 7 

and dually, 

II/IInl- t - (<s) ~ II^'Inl 2 ’_ ( <s) > /ecs°(n 0 ). 

More precisely, for 1 < p < cc, 3e = e(p, ( 7 , e, IV), ( 7 , e, AT), A) > 0 such that for 5 e [0, oo) 1 ' with 
|5| < e and such that A*(8) is not equal to 00 m any coordinate, 



Wf NL|(S) ~ 

II/IInl V(S,(®)’ 

/eC 0 °°(L! 0), 

(5.6) 

and dually, 

II/IInL -V(5) (S) 

~ / NL P s (S) ? 

/eCg°(nSo). 

(5.7) 

• In Case II, for 1 < p < oo, 

8 e n[ 0 , 00)" 

and such that A 

t (8) is not equal to 00 

in any coordinate, 


/ IInL|(5) ~ 

H/ |lN L p t( 5 ) (5) - 

/eC 0 "(fi 0 ), 


and dually, 

II/IInl -V(S)^) 

~ / NL P s (S) > 

/eCN- 



Proof. (15.611 follows by taking 6 = 0 in (15.51) and applying Theorem 15.111 (15.71) follows similarly by 
taking <5 = (—A 4 (<5), —8) in (15.51) and applying Theorem 15.Ill The result in Case II follows by a similar 
proof. □ 

5.2 Euclidean vector fields and isotropic Sobolev spaces 

An important special case of our Sobolev spaces comes when we consider the finite set of vector fields 
with single parameter formal degrees on R” given by 



Fix open sets S2g <£ tl' (c Q!" (c Cl c R n . Clearly, (5,1) satisfies V(CL'), and (in particular) £(5,1) is 
linearly finitely generated by (5,1) on fl' (in fact, it is smoothly linearly finitely generated by (5,1) on 
fl'). Thus, it makes sense to talk about |*| NL f (5 1 ) f° r any 1 < P < 00 and sei Let L p denote the 
standard, isotropic, Sobolev space of order s e R on R ra . 

We have 

Theorem 5.15. For 1 < p < 00 , s e R, 

II/IInl50.i) * 1/1*5 ’ 0 ), 

where the implicit constants depend on p and s (and, of course, on the choices made in defining 
IMInL§(5,1)^- 

Proof. This is exactly the statement of Lemma 5.8.9 of |Strl4j . □ 

Using the theorems earlier in this section, in combination with Theorem 15.151 we can compare the 
standard isotropic L p Sobolev spaces with our non-isotropic Sobolev spaces. Thus, suppose we are given 
a set S c r(Tf2) x dp. Let v = 1 + v and define 

5 { G§? 1 1 1 ' 1 w) ' ■■ • ■■' G6'' fe >) } 1 U {(* 1 <°"*>) : <*" 1 ) e 5} 

cz T(Tfi) x 

For the rest of this section, we assume the following. 
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Assumption 5.16. We assume one of the following two cases. 

Case I: £(<S) is finitely generated on 12'. 

Case II: £(S) is linearly finitely generated on 12'. 

Note that, if C(S) is (linearly) finitely generated on f2', then the same is true of C(S). Thus, in Case 
I, it makes sense to talk about the norms || , ||nl j, (s) and IMInl?(S) f° r ^ e ®oi ^ 6 ®o- In Case II, it makes 

sense to talk about the same norms for all S G S G R". 

The next lemma helps to elucidate situations where the above assumptions hold. 

Lemma 5.17. If C(S) is smoothly finitely generated (resp. smoothly linearly finitely generated) on IT, 
then C(S) is smoothly finitely generated (resp. smoothly linearly finitely generated) on Q 1 . 

Proof. Suppose C(S) is smoothly finitely generated by J- on 12'. Define 

^ (1 - °‘ >) ). {h (i - °»>)} u {(* ■ <°. ■-■ a «■?} ■ 

Let (A, d) G C(S). We wish to show (X,d) is smoothly controlled by T. There are two possibilities. 

The first possibility is that d equals 0 in the first component. In this case (X, d) is of the form 
(X, (0, d)) for some (A', d) e £(S). Since T smoothly controls (A, d), by assumption, it is immediate 
from the definitions that T smoothly controls (X,d). 

The other possibility is that the first component of d is ^ 1. In this case, we use that 

n ps 

j =i 0 


and therefore for 6 G [0, l] 1 ", 

n ps 

S d X = 2 (<5 d_(1 ’ 0s) c,) (j(bM 

, ' ' OX j 

3 = 1 J 

Since d — (1,0 ,;) G [ 0 , oo) ! ', we see that ^Cj : 6 g [ 0 , l] 1 "} cz is a bounded set, and therefore 

T smoothly controls (X,d). Thus, £(<S) is smoothly finitely generated by T. 

If J 7 cz T(TT2) x 0 ^, then T cz T(TT2) x D„, and it follows that £(<!>) is smoothly linearly finitely 
generated by J 7 , completing the proof. □ 

Example 5.18. When S is finite and the vector fields in S are real analytic then £(5) is smoothly finitely 
generated on (see Section EPll . and therefore £(<S) is smoothly finitely generated on 12' (Lemma f5.17ll . 
If S is finite and for each 1 < p ^ 

| A : (A, d) G S and d is nonzero in the p component| 

satisfies Hormander’s condition, then £(<S) is smoothly finitely generated (see Section[3Tj, and therefore 
C(S) is smoothly finitely generated ('Lemma 15.171) . When v = 1 and in either of these settings, £(<S) is 
smoothly linearly finitely generated, and the same is true of £(<S) ILemma 15.171) . 

So that we may precisely state our results, in Case I, pick Sobolev data 

® = {v, ( 7 , e, N), f2, 12 "'), a, rj, 


so that £(<S) and D are finitely generated by the same T on f£. 

Let E G [0, 00]" be a vector such that V(A, d) e S, with A not the zero vector field, E ■ d > 1. We 
have, 
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Theorem 5.19. 


• In Case I, for 1 < p < co and S £ Rg n [0, oo)" such that E ■ 6 < oo, we have 

II/IInlJ(S) ~ 11%., > Wo), 

and dually, 

!/%_ Sll/%<3)> /eCN- 

More precisely, for 1 < p < co, 3e = e(p, ( 7 , e, IV), IS) > 0 such that for 5 e [0,oo)" with |<5| < e 
and such that E ■ S < oo, 

II/IInl? ( o) * 11%.,, /e Wo), 

and dually, 

11%^, S ll/I%,(») , /e Wo)- 

• In Case II, for 1 < p < oo and S £ [0, oo)'' such that E ■ 5 < co, we have 

I/IInl|(5) ^ 11%.,. 

and dually, 

\\f\\ L * _ s II/Inlms) > /eWo)- 

-E-8 -5 V 7 

Proof. For (X, d) £ <S, we may write X = Xl"=i c z ^§ 7 , where c; £ C°°(f2). Thus, for j £ [0, oo], we have 

n p 

2~( E 3)-dj£ = £ ^(l-E-d)^ 2-J—. 


By the assumption on E, {2^ 1 ~ Ed ^ci : 1 < l ^ n, j £ [0, oo]} c: C co (fl) is a bounded set. Thus we have 
(d, 1) smoothly F-controls (X,cQ on 12'. From here the result follows from an application of Corollary 
15.141 and Theorem 15.151 □ 


For the reverse inequalities, in Case I pick F so that C(S) is finitely generated by F on ST, and in 
Case II, pick F so that C(S) is linearly finitely generated by F on ST. Define F c: r(TS2) x ([0, oo)"\{0}) 
by 

F:= \(X,d) : (X, (0, d)) e F\ 


It immediately follows that in Case I, C(S) is finitely generated by F in ST, and in Case II, C(S) is 
linearly finitely generated by F on SI'. We further assume 


jx : (X,d) E X| 


spans the tangent space at every point of ST. 
For 1 =% k < n, let 7 Zk F be such that 


d 

dx k 


X C k,X,dX-i 
(X,d)eK fc 


(5.9) 


where c k % j £ C°°({1'). 


Set TZ = ULi And define a vector F = (Fi,..., Fp) £ [0, oo)" by 


F m = jnax d^ 
(X,d)eTZ 
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Theorem 5.20. 


In Case I, for 1 < p < co, and S G Rq n [0, oo) we have 




WfWix £ II/IInl? (5) > /eCo°°(no), 


and dually, 

II/IInl^- (5) S II/IIl-., /^o"W. 

-<5F V ’ -S 

More precisely, for 1 < p < oo, 3 e = e(p, (7, e, N),F) > 0 swc/i that for 8 G [0, 00) with |5| < e, 

ll/lli? £ II/IInl? ( §) > 0 ), 

and dually, 

II/IInl-. (s) ~ II/II_l-. > /eC 0 ”(fi 0 ). 

• /n Cose //, for 1 < p < co, and 8 G [0, 00) we /lave 

II/IIl? £ II/IInl? (S)> /^0°°(« 0 ), 

and dually, 


II/IInl- iF (S) ^ 

Proof. By (15.91) . for j G [ 0 , 00]", we have 

- _?. ( 2i 

( X,d)eTl k 


IIlp., /eC 0 °°(n 0). 


(d-F) r 


^k,X,d 


2~ jd X. 


By the definition of F, d — F is nonpositive in every component (for ( X,d ) G 7?.^), and therefore 

l 2f(J_F)c w : (*»<0 e K k ,j G [0,00]*} c c»(no 

is a bounded set. This shows that J- smoothly F-controls (jyy, 1) on SI'. From here the result follows 
from an application of Corollary 15.141 and Theorem 15.151 □ 


6 Results: Fractional Radon Transforms 

As in Section [5J we fix open sets I2 0 C C fl" C It'" C 54 c R ra . Let ( 7 , e, IV, 17, 17'") be a parameteri¬ 
zation, with ^-parameter dilations. Fix a > 0. For ' 0 i ,'02 e Co°(^o); n{t,x) 6 C°°(B N (a) x 17"), <5 g R", 
and K G K${N,e,a), define an operator 

T/(:r) = - 0 i(w) J f('y t (x))ip 2 ('Yt(x))K(t,x)K{t) dt. ( 6 . 1 ) 

Definition 6.1. If T is an operator as in (16.11) . we say that T is a fractional Radon transform of 
order 8 corresponding to ( 7 , e, N). If we wish to make the choice of a > 0 explicit, we say T is a 

fractional Radon transform of order 8 corresponding to ( 7 , e, N) on B N (a). 

Theorem 6.2. • Let ( 7 , e, TV, 12, fi'") be a parameterization which is finitely generated on fl'. Then, 

there exists a > 0, such that for 1 < p < co, there exists e = e(j>, ( 7 , e, N)) > 0, such that for any 
8,8' G R" with |5|, |<V| < e, and any T a fractional Radon transform of order 8 corresponding to 
( 7 , e, N) on B N (a), we have 

IT/IInL- (7,e,JV) ~ I/HnL- +5 , (-y,e,N) > / £ 
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• Let ( 7 , e, N, 12, Cl'") be a parameterization which is linearly finitely generated on Cl'. Then, there 
exists a > 0 , such that for 1 < p < co, 5, S' e W, and any T a fractional Radon transform of order 
5 corresponding to ( 7 , e,N) on B N (a), we have 

II^/IInlJ, ( 7 ,e,JV) ~ H/llNL| +5 ,(7,e,iV) J / £ C”(^o)- 

Proof. This is proved in Section [T3] □ 

Remark 6.3. In Theorem l6.21 we have used that when ( 7 , e, N) is finitely generated on 12', the equivalence 
class of the norm ||-|| NL p( 7>e N ) is well-defined on C^fClo) for S sufficiently small (depending on p and 
( 7 , e, IV)), and is well-defined for all <5 e R" when (7 ,e,N) is linearly finitely generated on Cl'. See 
Definition 15.41 for further details. 

Corollary 6.4. Let ( 7 , e, N, Cl, Cl"') be a parameterization which is finitely generated on Cl'. Then for 
1 < p < 00 , there exists e = e(p, ( 7 , e, N)) > 0, such that for every if e Co°(12o) ; there exists a > 0 such 
that for every <5, S' e KT with |<J|, |<J'| < e, and every K e K.$(N , e, a), the operator 

Tf(x) = i/j(x) J f{i t {x))K(t) dt (6.2) 

satisfies 

II^/IInL* (T.e.JV) ~ I/llNLj +J ,(7,e,JV) > / G Co°(^o)- 

If, in addition, ( 7 ,e,N) is linearly finitely generated on Cl', we may take e = 00 . 

Proof. Given if, take ip 2 = 1 on a neighborhood of supp (if) and take k = 1. It is easy to see that 
if K is supported on a sufficiently small neighborhood of 0 (i.e., if a > 0 is sufficiently small), then 
^ 2 ( 7 *(£)) = 1 on the domain of integration of (16.11) (with if replaced by ipi). Thus, T is of the form 
(16.11) . From here, the corollary follows from Theorem 16.21 □ 

Remark 6.5. The main reason we work with the more general operators in Theorem l6.2l (instead of the 
operators in Corollarv l6.4l) is that the class of operators in ED is closed under adjoints, while the class 
of operators in (16.21) is not. See Section [9] and Section 12.3 of iStr!2] for details. 

6.1 Other geometries 

Suppose ( 7 , e, N, Cl, Cl"') is a parameterization with fz-parameter dilations which is finitely generated 
(resp. linearly finitely generated) on Cl'. If T is a fractional Radon transform corresponding to ( 7 , e, N) 
of order <5, then Theorem 16.21 shows, for p e (l,oo) and 5,5’ e K" sufficiently small (resp. for all 
5,6' e R"), T : NL? |,(( 7 , e, IV)) —► NL-,(( 7 , e, N)). In other words, if S is defined in terms of (^,e,N) 
by ED, then T : NL? -,(5) -» NL? (S) for 6 , S' e Rg (resp. for all 6 , S' e W). 

Now suppose S c: r(TD) x So is such that C(S) is finitely generated (resp. linearly finitely generated) 
on Cl'. If 5 e Rg (resp. S e R y ) it makes sense to ask for what $ 1,62 e Rq (resp. 61,62 £ R 1 "), if any, do 
we have mappings of the form T : NL? (S) —> NL? (<S). Moreover, we wish to have a formula for in 

Ol 02 

terms of 5\ and 8 . To this end, we make the following assumptions for the rest of the section. 

Case I: • ( 7 , e, N, Cl, Cl"') is a parameterization (with ^-parameter dilations) which is finitely 

generated on Cl'. 

• Let S c= T(TCl) x So be defined in terms of ( 7 , e, N) by (14.31) . and let S cr T(TCl) x So- 

• Let 

5 := 

{(X,(d, 0 f )) : (X,d)e5} 

U{(^,(0e,d)) :(X,d)es} 
cz T(TCl) x £)„, 
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where v = v + v. We assume C(S) is finitely generated on 17'. Note, this implies C{S) 
is finitely generated on SI'. 

• On R w , define (/-parameter dilatations e' given by e' = (0 p,ej)0 We assume C(S) 
controls ( 7 , e!, N) on 17'. 

Case II: This is the same as Case I, but everywhere “finitely generated” is replaced by “linearly 
finitely generated”. 


Remark 6.6. Case I comes up in many situations. For instance, if C(S) is finitely generated on Q' and 
if (7 ,e,N) is smoothly finitely generated on then the assumptions in Case I hold0 This happens 
automatically in many situations of interest. See, e.g., Sections [3.1113.211X11 and Id.21 Similarly, if C(S) 
is linearly finitely generated on 17' and if ( 7 , e, N) is smoothly linearly finitely generated on 17', then the 
assumptions in Case II hold. This also arises in some cases of interest; see Section fG~3l 

So that we may precisely state our results we need to make a few choices. Pick T so that in Case 
I, C(S) is finitely generated by T on 17', and in Case II, C(S) is linearly finitely generated by T on 
Q'. Because C(S) is finitely generated (resp. linearly finitely generated) on 17', it follows that C(S) is 
finitely generated (resp. linearly finitely generated) by some T on fib In Case I, pick parameterizations 
( 7 , e, N) and ( 7 , e, N) which are finitely generated on 17' by T and T, respectively. For instance, one 
may use the choice in Proposition Id. 191 and Remark ld.20l In what follows, in Case I, we use the norms 
|H| N LP( 7 l e,jv) an d IMInl ?(7 e jv)’ f° r ^ 6 R" and <5 £ R" small. In light of Theorem 15.31 and Definition 15.dl 

these norms are well defined, and depend only on S and S for 5 e Rg, <5 £ Kg. In Case II, the equivalence 
class of the norms |M| nl J( 5 )j IMInl?(S) are well-defined for all <5 6 R", <5 £ R"-see Definition 15.61 

Proposition 6.7. Suppose T is a fractional Radon transform of order 5 £ R" corresponding to ( 7 , e, N) 
on B N (a). Then, there exists a v-parameter parameterization (7 which is finitely generated 
(resp. linearly finitely generated) by J- on 17' in Case I (resp. in Case II), and such that T is a 
fractional Radon transform of order (Op, 5) e Kf' x corresponding to (7 ',e',N') on B N (a). 

Proof. This is proved in Section [X0 □ 

Theorem 6.8. There exists a > 0 such that for all 1 < p < 00 , the following holds. 

• In Case I, for every 5 e Rg, 5 e Rg , and every fractional Radon transform, T, of order S corre¬ 
sponding to (7 ,e,N) on B N (a), we have 


\\Tf\\ 


NLJ(S) 


< 


llNL ? + (o e ,S)( S > 


/e Wo). 


More precisely, there exists e = e(p, ( 7 , e, N), ( 7 , e, N)) > 0 such that for any 6 £ R^, <5 £ R" 
with |<5|, |(5| < e, and every fractional Radon transform, T, of order 5 corresponding to ( 7 , e, ./V) on 
B N (a), we have 


II^VIlNLj(7,e,A0 ~ II/IInLP +(o - } ( 7 ,e,JV) > / S o)- 


(6.4) 


• In Case II, for every S £ R^, S £ R", and every fractional Radon transform, T, of order S 
corresponding to ( 7 ,e,N) on B N (a), we have 


I|27||nl ?( s) £ II/IInl- -(5), /eWo). 

S ’ 5 + (0 e ,6) V ’ 

16 I.e., for 5 = (<5, S) e [0, 1 \ 1J x [0, l] 1 ', we define 5t = St, where St is defined by the u parameter dilations e. 

17 The point here is that if ( 7 ,e, N) is merely finitely generated on O', then it does not necessarily follow that C(S) 
controls ( 7 , e, N) on iV. However, if ( 7 , e, N) is smoothly finitely generated on ft', then it does follow that C(S) controls 
( 7 , e, N) on il’. This is one of the main conveniences of smoothly finitely generated over finitely generated. 
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Proof. First we consider Case I. Proposition 16.71 combined with Theorem 16.21 proves (16.411 with ( 7 , e, N) 
replaced by ( 7 ', e! , N'). Because ( 7 , e, N) and ( 7 ', e! , N') are both finitely generated by T on f Y, Theorem 
15.31 shows that for del 1 ' sufficiently small, 

ll/llNLj( 7 ,e,Af) ^ II/IInLJ( 7 ',e',5v') > / 6 ^0°)• 

(16.411 follows and completes the proof in Case I. The same proof goes through in Case II, where in each 
step we do not need to restrict to <5, 6 small. □ 

Using Theorem 16.81 we proceed as in Section [5.II to conclude mapping properties of fractional Radon 
transforms on the space NL?(5) for 6 £ Rq in Case I, and for ieR 1 ' in Case II. 

Let Ai and A 2 be two matrices with entries in [0, 00]. Ai a v x v matrix and A 2 a v x v matrix. We 
impose the following additional assumptions in both Case I and Case II. 

(i) We assume C(S) Ai-controls § on ft'. 

(ii) We assume C(S) A 2 -controls S on ft'. 

As before, in what follows we define 00 ■ 0 = 0 but 00 • x = 00 for x > 0. 

Corollary 6.9. Under the above hypotheses, there exists a > 0 such that for 1 < p < oo, the following 
holds. 

• In Case I, for all 5 £ !g n [0,oo) y and 5 £ Ig n [0, 00)" with A \(S) and A^fA) not 00 in any 
coordinate, and every 6 £ Rg, we have for every fractional Radon transform T of order 6 — A 2 ( 6 ) 
corresponding to (7 ,e,N) on B N (a), 


|T/ IInl^) S H / iNL; +(Ai(l) _, i0<)) (s) 


/6CS°(fi 0 ). 


More precisely, there exists e = e(p, ( 7 , e, IV), ( 7 , e, TV), Ai, A 2 ) > 0 such that for all S £ [0, oo) 17 , 
<5 £ [ 0 , 00 )", and S £ R" with |5|, |j|, |(5| < e and such that A^(A) and A^^) are not 00 in any 
coordinate, we have for every fractional Radon transform T of order 5 — A 2 (S) corresponding to 
(7 ,e,N) on B N (a), 


ll T /llNLj( 7 ,e,Ar) £ ll/llNLj +(Ati(?) _ ii 0 _ ) ( 7 , e ,JV) > / 6 C Q ( 0 °)‘ 


• In Case II, for all 6 £ [OjOo ) 17 and 5 £ [ 0 , 0 c ) 17 with A^(<5) and A 2 (A) not 00 in any coordinate, and 
every <5 £ R", we have for every fractional Radon transform T of order S — A|(<5) corresponding to 
( 7 ,e,N) on B N (a), 

I|T/||nl;( 5 ) S II/IInl- t - . (s) > /eOT0). 

Proof. In Case I, using Theorem 16.81 and two applications of Theorem 15.121 we have 

H^/llNl7(7,e,A0 ~ II/IInL p - , . (7,e,JV) 

~ II/IInL p . - . . (7,e,JV) ~ II/IInL p . - . (7,e,JV) > 

5 + (A‘(J),-A*(5)) V ’ ' 5+(A* (S)-5,0 S ) V ’ ' 


as desired. A similar proof yields the result in Case II. 


□ 


Corollary 6.10. Under the above hypotheses, there exists a > 0 such that for 1 < p < 00 , the following 
holds. 
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• In Case I, for all 8 G Rg n [0, oo) 1 ' and 5 e Rg n [0, oo) 1 ' with A* ( 8 ) and A|(J) not oo in any 
coordinate, and every i e 1[J, we have for every fractional Radon transform T of order 6 — A 2 ( 6 ) 
corresponding to ( 7 , e, N) on B N {a), 


ii^vHnlj(s) 


~ II/IInl p ,. .<s ) 

<5 + A*(<5) — S' ' 


fec?(si 0 ). 


More precisely, there exists e = e(p, ( 7 , e, N), ( 7 , e, N), Ai, A 2 ) > 0, such that for every 6 G [0, co)" 
and 6 e [0,co)" with X\(8) and A|(<5) not 00 m any coordinate, and every 8 e Rg, with |S|, |S|, |S| < e, 
we have for every fractional Radon transform T of order 5 — A 2 (<5) corresponding to ( 7 , e, N) on 
B”(a), 

ll^/llNL p ( 7 ,e,JV) ~ II/HnL p t - .(7 ,e,N) ’ f £ SJfr{Sl 0 ). 




In Case II, for all 8 e [ 0 , 00 )^ and 8 e [ 0 , 00 )^ with A^(i5) and A|(j) not oo in any coordinate, and 
every 8 e W, we have for every fractional Radon transform T of order 8 — A 2 ( 8 ) corresponding to 
( 7 ,e, AO on B N {a), 


\\Tf\\ 


NL P (S) 


< 


ll/ll 




/eCS°(fio). 


Proof. In Case I, pick ( 7 , e, N) as above (e.g., the choice given in Proposition 14.191 when applied to S). 
Using Theorem 15.111 and Corollarv l6.9l we have 


11271 


NL p ( 7 ,e,JV) 


\\Tf\\ 


< 


"NL P 5+Ai(S) —, i0c) (7 ,e,N) 


NL ( 5 ,o,)(T.eA) 
NL P 


5 + (i)-J 


,( 7 ,e,iV) > 


for / G C”(f2o), yielding the result in Case I. A similar proof yields the result in Case II. □ 

Remark 6.11. Though it is not necessary, in Corollaries 16.91 and 16.101 one often wishes to choose 8 and 
8 so that 8 is zero in every coordinate in which A|(<5) is nonzero, and A^tA) is zero in every coordinate 
where 8 is nonzero. 

Remark 6.12. In Corollaries 16.91 and 16 .1 01 if one takes one of the matricies (Ai or A 2 ) to be +00 in every 
component, then it is as if that matrix were not present in the assumptions and conclusions at all. 
For instance, if one takes Ai to be +00 in every component, then one is forced to take <5 = 0 and the 
assumption (DJ, above, holds automatically. Most previous work on this topic (e.g., (Cue 96] and [G re 07]) 
does not involve Ai (i.e., takes Ai to be +00 in every component), and deals only with A 2 in very special 
cases. 


6.2 Hormander’s condition 

The special case of Case I of Corollary 16.101 which is likely of most interest is when v = u = 1 and the 
X and X vector fields each satisfy Hormander’s condition. Below we present this situation. 

We start with a parameterization ( 7 , e, IV, U, U'"), where e\,...,e^ G (0, oo)-i.e., we have single- 
parameter dilations. Let (W,e,N) be the vector field parameterization corresponding to ( 7 , e, N). 
Expanding W(t, x ) as a Taylor series in the t variable, 

w(t) ~ t a x a , 

\ a \>0 


where X a is a smooth vector field on some SI" with SI' C SI". We suppose {X a : |a| > 0} satisfies 
Hormander’s condition on SI". Fix Si with SI' C Si (c U". By Corollary 14.291 ( 7 , e, N) is smoothly 
finitely generated by some SF on SI. 

We suppose we are given a finite set of vector fields S c T(TSl) x (0, 00), such that {X : 3d, (A', d) G <S} 
satisfies Hormander’s condition on SI". By Proposition ^. 261 and Remark 13.181 £(<S) is smoothly linearly 
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finitely generated by some J- on Cl. By Theorem 15.31 (see also Definition 15.611 it makes sense to talk 
about the norm ||-|| NL p^ for all 1 < p < oo, 5 G (0, oo). 

For each ( X,d ) G T, Let c J" be such that X is in the C' G 0 (D") module generated by 

{X : 3d, {X,d) G Define 


X (x,d) 


minmaxjd : 3X, ( X,d ) G 


(6.5) 


where the minimum is taken over all possible choices of . And set 

Ai := maxjA^ : (X, d) gJ)>0. 

Define A 2 > 0 in the same way by reversing the roles of T and T throughout. 

Corollary 6.13. Under the above hypotheses, there exists a > 0 such that for every 1 < p < 00 , there 
exists e = e(p, ( 7 , e, N),S) > 0 such that for every 5,5 e [0, e), <5 G (— e, e), we have for every fractional 
Radon transform, T, of order 5 — A 2<5 corresponding to (fy,e,N) on B N (a), 


I|27IInl ? (5) S II/IInl * +Xig _ t (S )» / e cS°(fio). 

Proof. By Proposition l3.26l if S is given by (16.31) . then £(<S) is linearly finitely generated on D'. Corollary 
!4.29l shows ( 7 , e, N) is smoothly finitely generated, and it follows that £(<S) controls ( 7 , e!, N) on D' where 
e! is as in the assumptions from Case I, above. See, also, Remark 16.61 
The result will follow from Corollary 16.101 once we show: 

(i) £(<S) Ai-controls T onil'. 

(ii) T A 2 -controls 5 on 11 '. 

We begin with dTJ). Let (X,d) e T. To show (X, d) is Ai-controlled by £(<S) on D', it suffices to show 
(X, d) is Ai-controlled by T on Cl'. Let T ( ^ ^ achieve the minimum in the definition of x[ X ’ dr> in (16.51) . 

We will show d) A^ AC,d - ) -cor L trols (X,d) on Q', and it then follows that T Ai-controls (X,d) on Q', 
as desired. 

By the definition of , we may write 

* = ^ C Y,^< 

(X,d)eiF^^ 


where G C' 00 (f2). Multiplying both sides by 2 A i ^ 


we obtain, 


2 -Ai jd x = 


(X ,d)eS '^ x ^j 


2 jd- 


W J d r 


,Y ,d 


2~ jd X. 


The choice of X l ' X ’ d ' > shows jd — Xijd ^ 0 for all (. X,d ) G T^ j From here, © follows immediately. 

For (JuJ), note that (using T controls S on D') to show T A 2 -controls S on Q', it suffices to show T 
A 2 -controls T on Cl' (because T controls S on D'). From here, the proof follows just as in the proof for 

0 . □ 

Remark 6.14. Corollary 16.131 is often optimal. See Theorem 115.51 for details. 

18 This is always possible because the vector fields in T span the tangent space at every point, by assumption. 
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Define Aj_, A ' 2 g (0, oo) by 


. maxfd : 3(A, d) G E} , maxld : 3(X, d) e E} 

Ai !— ~ ~ - ~ 5 Ao • = ~ ~ ” ~ • (6.6) 

rnin {d : 3(X, d) <= E} min {d : 3(X, d) e E} 

Corollary 6.15. Under the above hypotheses, there exists a > 0 such that for every 1 < p < oo, there 
exists e = e(p, ( 7 , e, N),S) > 0 such that for every 5,6 e [0, e), <5 G (—e, e), we have for every fractional 
Radon transform, T, of order 6 — X 2 5 corresponding to (7 ,e,N) on B N (a), 


II-^/InL^S) ~ I1/IInL p .(5) ! /^olOo). 

s ' ' <5 + .\ , 1 5-<5 v ’ 

Proof. Because Ai =% X\ and A 2 ^ X' 2 , this follows immediately from Corollary 16.131 □ 

Remark 6.16. The conclusion in Corollary 16.151 depends on the choice of T and T. One wishes to pick 
them so that A^ and A 2 are as small as possible. The conclusion of the stronger result in Corollarv l6.13l 
does not depend on the choices of T and T. In an application of Corollary 16.151 one can pick T so that 
max{d : 3(X,d) G J 7 } is equal to: 

nun max jd : 3 (X, d)e j| 

where the minimum is taken over all T c C(S) such that the vector fields in T span the tangent space 
to every point of D"; and so that minjd : 3(X, d) G J 7 } is equal to 


min 


jd : 3(X, d) G S, X is not the zero vector field | . 


Similarly for J 7 . See the proof of Proposition 13.261 for how to choose such J 7 and J 7 . 

An important special case of Corollary 16.151 comes when S = (d, 1) (see (15.81) for this notation). In 
this case, II• IInlJ (5 i) ^ IMIlJ ('Theorem 15.151) . To present this case, we change perspective and state 
the result just near some fixed point xq £ D"' (c D <= R n . We suppose we are given a parameterization 
( 7 , e, N, Q, f V") with single-parameter dilations e, and with corresponding vector field parameterization 
{W, e, N). We expand W(t) into a Taylor series in the t variable: 

w(t) ~ Y, t a *»- 

| a |>0 


We assume the following. 

Assumption: The Lie algebra generated by {X„ : |d| > 0} spans the tangent space at xq. 
Let § := {(A,deg(d)) : |d| > 0} as beforef^l We define two numbers: 

E := minmax{d : 3(X, d) G Eq], 

Fo 


and the minimum is taken over all Eq c C(S) such that the vector fields in Eq span the tangent space 
at xq. Also set 


e := min jdeg(d) : A„ not the zero vector on a neighborhood of xot ■ 

Corollary 6.17. Under the above hypotheses, there exists an open set Q' (c Q!" with xq g f V and a > 0 
such that for 1 < p < 00 , there exists e = e(p, ( 7 , e, N)) > 0 such that for every r,s G (—e, e), if T is a 
fractional Radon transform of order r corresponding to ( 7 ,e,N) on B N (a ) (with this choice oftt 1 in the 
definition of a fractional Radon transform), 

19 Here, deg(6:) is defined using the single parameter dilations e; see Definition 12.21 
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• Ifr^O, 


\\Tf\\ L * < \\f\\ L p , f e C™(Q'). 


(6.7) 


Furthermore, this result is optimal in the sense that there do not exist p e (l,co), t > 0, s e 
(—e, e)0 and r G [0, e) such that for every fractional Radon transform, T, of order r corresponding 
to ( 7 , e, N) on B N (a ) we have 


II Tfh 


< 


IIL? ’ 


/ec 0 “(n'). 


Ifr < 0 , 


IT 1 /! 




< 


II/IIl? > /ecn^)- 


( 6 . 8 ) 


Furthermore, this result is optimal in the sense that there do not exist p G (1, oo), t > 0, s G (—e, e) 
and r G (— e, 0] swc/i that for every fractional Radon transform, T, of order r corresponding to 
( 7 , e, N) on B n (a) we have 


\\Tf\\ L > <|/|U, /eC 0 ”(n'). 


Proof. To prove (IGTTD and (16.81) we wish to apply Corollary 16.151 We are taking T = (5,1), and 
therefore minjd : 3(X,d) e J 7 } = 1 = max{d : 3(X, d) G J 7 }. By the discussion in Remark 16.161 
we may pick a small neighborhood Ft! of x$ so that we may take J 7 with min{d : 3(X,d) G J 7 } = e, 
max{d: 3(Af,d) 6 J 7 } = E. Thus, A^ = e -1 and \' 2 = E. 

If r ^ 0, set 6 = 0 and 5 = r. Then if s = <5 + A^d — <5, we have 6 = s — X\r. Plugging these choices 
into Corollary 16. 151 yields (16.71) . 

If r ^ 0, set 6 = 0 and r = —A 2 S. Then, if s = <5 + A' x d — 5, we have 6 = s — r/X 2 . Plugging these 
choices into Corollary 16. 151 yields (16.81) . 

For the proof of optimality, see Section [15] □ 


6.3 Pseudo differential operators 

When ( 7 , e, N, FI, Ft 1 ") is linearly finitely generated on SI', and T is a fractional Radon transform of 
order 5 e R" corresponding to (7 ,e,N), it is sometimes useful to think of T as a generalized kind of 
“pseudodifferential operator”. Actually, for this we consider a slightly more general kind of operator: 

Tf{x) = J f('y t {x))if('Yt(x))K(x,t) dt, (6.9) 

where if G Cg°(Slo), K{x,t) is a distribution which can be written as 

K(x,t) =v(t) Yi 2 rS gf :, \x,t), 

jeN" 

<^- 2 \x,t) = 2i’ ei+ '" + i' eN <;j{x, 2B), 2B is dehned by the dilations e, {9 : j G N"} <= Cq°(FIo; J^R^)) 
is a bounded set, with c? G C™(Fl 0 ; The results above actually extend to this more general 

situation, automatically. Indeed, because C™(Flo', S fi (R N )) = C'o 0 (fio)®«^(R JV ) (where ® denotes the 
completed tensor product of these nuclear spaces), all of our results for fractional Radon transforms 
extend to the more general operators given by m - See |Tre67| for more details on tensor products, 
and Theorem 2.14.16 of )Strl4| for a similar result using these ideas. 

Remark 6.18. In the case when T = (5,1) (see (I5.8D 1. and when 

7t 1 ,...,t„(x) = e lex i x = x - t, 

then fractional Radon transforms of order 6 G R corresponding to ( 7 , (1,..., l),n) are standard pseu¬ 
dodifferential operators order order S whose Schwarz kernels are supported in FIq x fig. 

20 Recall, e depends on p e (1, 00 ). 
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We saw in Remark 16.181 that a particular special case of fractional Radon transforms corresponding 
to a linearly finitely generated parameterization yields standard pseudodifferential operators on R™. The 
analogy with pseudodifferential operators does not end there, though. Indeed, a basic use of standard 
pseudodifferential operators is to create parametricies for elliptic operators (e.g., the Laplacian on R"). 
When v = 1, the fractional Radon transforms here can be used to create a parametrix for Homander’s 
sub-Laplacian. This idea was developed by Rothschild and Stein |RS76j and was based on previous work 
by Folland and Stein |FS74| and Folland [ Tol75 . This was further developed by Goodman ! Goo76j ; see 
also fGS84l IPS861 ICGGP92| . See fSt?l4) for more details; in particular, Theorem 2.14.28. Combining 
this with the other results in this paper, gives regularity results for Hormander’s sub-Laplacian on 
various non-isotropic Sobolev spaces corresponding to geometries other than the associated Carnot- 
Caratheodory geoemtrvl^l 

In fact, the operators discussed here are closely related to a far reaching generalization of ellipticity, 
known as maximal hypocllipticity. See Chapter 2 of |Strl4j for this concept, its relationship with these 
pseudodifferential operators, and a history of these ideas. 

Remark 6.19. In |Gre07] results concerning fractional Radon transforms were connected to the well- 
known results of Fefferman and Phong on subelliptic operators )FP83j . Here, we can make the analogy 
more explicit: the results of 1FP83J are closely related to the case when 7 is linearly finitely generated 
(e.g., when studying Hormander’s sub-Laplacian), while the results of [Gre07] are for when 7 is finitely 
generated. 

6.3.1 Singular Integrals 

There is a close relationship here between the smoothing properties for Radon transforms and the 
corresponding smoothing properties for singular integrals. Indeed, suppose ( 7 , e, N) is finitely generated 
by T c r(TH) x on IT. Note, we are taking T c r(TI2) x 5„, but not assuming 7 is linearly finitely 
generated on I2'. Corresponding to T we obtain nonisotropic Sobolev spaces NL^(.F), pe ( 1 , 00 ), reT. 
We assume, in addition, {A' : (A, d) e J 7 } spans the tangent space to every point of IT. 

Under the above assumptions, corresponding to J 7 , there is an algebra of singular integral operators 
(see If S' is a singular integral operator of order S e R y (corresponding to J 7 ), then for 

1 < p < co, r e R", S : NL^(.F) —» NL(!_ ( 5 (J 7 ) (see Theorem 5.1.23 of |Strl4j h Furthermore, if ( 7 , e,N) 
is linearly finitely generated by T on 12', and if T is a fractional Radon transform of order r e R 1 ' 
corresponding to ( 7 , e, N), then T is a singular integral operator of order r (the results in Section 5.2.1 
of | IStrl4l can be adapted to this situation). Thus, Theorem 16.21 in the case when (7 ,e,N) is linearly 
finitely generated on 12 ' (and T satisfies the above hypotheses) is really a result about singular integrals; 
and is therefore essentially a special case of Theorem 5.1.23 of |Strl4| . 

If (7 ,e,N) is only finitely generated on 12', then T is not necessarily a singular integral operator. 
However, we do have T : NL^J 7 ) —> NL^^J 7 ) for r,S e Rq. Thus, one way of informally restating 
Theorem 16.21 fat least in the case when J 7 satisfies the above hypotheses) is that the mapping properties 
of fractional Radon transforms on NL(! (J 7 ) are the same as the mapping properties of the corresponding 
singular integral operators, so long as r and <5 are sufficiently small. 


7 Proofs: Schwartz space and kernels 

Fix N e N and 0 ^ ei,..., ejv G [0, eo) v -v parameter dilations on R w . For a > 0 and <5 e R", we wish to 
understand the space JCs(N, e, a). The first step is to understand the spaces S^e, where E £ {1,..., 

S?e is clearly a closed subspace of ^(R^), and therefore inherits the Frechet topology. Using the 
dilations e, it makes sense to write <^ 2 \ for j e [0, oo)", as in (12.21) . 

For each p e {1,... ,u}, recall the variable which denotes the vector consisting of those coordinates 
tj of t such that ek / 0. Let tj; denote the vector consisting of those coordinates of t which are not in 

21 In the case of isotropic Sobolev spaces, this idea was already present in the work of Rothschild and Stein |RS76| . 

22 When v = 1 these singular integral operators are the NIS operators introduced by Nagel, Rosay, Stein, and Wainger 
|NRSW89l and later studied by Koenig |Koe02l and Chang, Nagel, and Stein |CNS92I . 

23 Recall, ^(M^) is Schwartz space, and the definition of S*e — N ) is given at the beginning of Section [ 2 ] 
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tn, so that t = (t M ,t^). For / 6 y(l w ), let / 6 y{R. N ) denote its Fourier transform. Let denote the 
dual variable to t^, and define A( so that £ = (^,^); i.e., is the dual variable to t^. 

Lemma 7.1. For f £ y^), the following are equivalent: 


• /e.y E . 

• V/j e E, d? /(£«,£„ )L _n = 0’ f or every multi-index a. 

Proof. This is immediate from the definitions. □ 


Decompose the t M variable as f M = (t*,..., "), so that t *,..., t^ “ eI are an enumeration of those 
coordinates tj e M of t £ such that e^ 1 ^ 0. Let denote the positive Laplacian in the variable, 
so that 


“■-Its 


— — Vt„ • Vtu. ■ 


On t^ there are v parameter dilations, defined so that for 5 £ [0, go) 1 ', St = ( St M , dA). I.e., we define 
dilations 0 # e^,..., £ [0, co)" on by e£ = if corresponds to the coordinate tj of t. Notice 

that each £ [0, co) v is nonzero in the /i component; thus when we compute St^, each coordinate of t M 
is multiplied by a power of d M (and possibly by powers d M ' for /i' ^ /x, as well). Define a ^ parameter 
dilation on by 




3 = 1 


dtj\ 


This is defined in such a way that 


(A^) (2) = (2-^A^ 23 ). 


Letting 

we see, for every M £ N, 


ho := nrinjef 1 : 1 < j < IV, 1 < p < e(( ^ 0} > 0 


^to 

1 

> 

■e 

§ 

^ C M 2~ 2Mj » ho 

(£)’/ 


|a|=S2JVf 



(7.1) 

(7.2) 

(7.3) 

(7.4) 


where Cm does not depend on j or /. 

Definition 7.2. Let / £ ,5^e, with p £ E. For s £ R define A® / by A® / = |^| 2s /(C)- 


Lemma 7.3. For sel, and /i £ E, A® : —*• zs an automorphism of the Frechet space S?e- 


Proof. It is a simple consequence of Lemma T7. II that A® : S^e —*■ ^e- It follows from the closed graph 
theorem that it is continuous. The continuous inverse is A“®, thereby making A® an automorphism. □ 


Lemma 7.4. Let {y,- : j £ N"} cz 
s £ R", the sum 


^(R^) be a bounded set such that gj £ 


S 2 J 


■s (2D 
N 


jeN” 


Then, for any 


converges in the sense of tempered distributions. 


Proof. Let £ y(R w ). We show, for every L, 



< 2 - - L bl°° 


(7.5) 
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and the result will follow. 

If j = 0, (17.511 is trivial, so we assume |j|oo > 0. Take \i so that = |j|oo, and take M so large 
2Mho > L (where ho is as in (17.51) 1. Lemma [7731 shows we may write q = A ff?j, where {<y : j e NA 
0} c y(R w ) is a bounded set (by setting = A“ M <y). Using (17.21) . we have 

J ?j 2 J) (t)c(t) dt = J ?j 2 J) (t)( 2~° ■ A ,f) M <;{t) dt. 

Using (17.41) and the choice of M, we have that { 2 L h‘l°o (2 - - 7 • A M ) M c : j e N w , j y 0, = |j|oo} <= y(R w ) 

is a bounded set. (17.51) follows, completing the proof. □ 

Lemma 7.5. There is a bounded set {<y : j e N"} c: y(R w ) with e an d do = XjgN" ^> 

with the convergence taken in the sense of tempered distributions. 

Proof. We decompose do on the Fourier transform side. Indeed, let </> e Cq 3 (M. n ) equal 1 on a neighbor¬ 
hood of 0. Define, for j e N", 

mo ■■= Z (—ir + " +p ^ ( 2 p o- 

(pi,...,p„)e{0,l} 1/ 
in ^Pij. 

Notice, XjgN 1 - = 1, in the sense of tempered distributions. Also notice {ipj : j e N"} c y(R w ) 

is a finite set and therefore bounded. Letting ipj denote the inverse Fourier transform of ipj, we have 
XjeN 1 ' V’j 2 ^ = do and {ipj : j e N"} cz y(R w ) is a bounded set (indeed, it is a finite set). Finally, 

notice that, if > 0, ip jiff) vanishes to infinite order at 0 in the variable (it is identically zero on a 
neighborhood of 0 in the variable). Lemma [TTl shows ipj e ^ 0 } and completes the proof. □ 

Proof of Lemma Iff. A Let ij e C™(B N (a)), with rj = 1 on a neighborhood of 0. Take <y as in Lemma 17751 
so that do = Dyerr S' 2 ' ■ Thus, do = i)5o = vYije fp S' 2 ^ which proves the result for a = 0. For |a| > 0, 

note that if / 3 \ # 0, (df^df 2 XjgN^ S ' 2 ^ = (df 1 ??)df 2 d0 = 0, because df x ?7 = 0 on a neighborhood of 0. 
Thus, 

d t “do = d t “ L Z = 1 Z = v Z 2^ deg (“Hd t %) (2 Z 

which completes the proof. □ 

In later sections, we will need some decomposition results about functions in L/e- We record them 
here. 

Lemma 7.6. Fix a> 0, and let B\ a y(R w ) and B 2 <= C{f'(B N (a)) be bounded sets. Let j e [0, 00)", 
g e Si, and rj e B 2 . Then, there exist { 7 & : /c e N", k < j} <= C™(B N (a)), such tha¥^ 

vify^Xt) = Z ) (i)- 

k^j 
ke N" 


Furthermore, for every M e N, £/ie set 


~k | 


7 fc : j 6 [ 0 , co) 12 , k < j,fc e N 12 ^ e 61,77 e Z ? 2 


Aq° {b n ( a )) 


is bounded. 

24 We have written fc SJ j to denote the inequality holds coordinatewise. 
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Proof. Let rj' G C® (B N (a)) equal 1 on a neighborhood of 


the closure of U supp ( 77 ). 


For k eN" with k ^ j, let 

4 (*):= 2 (-ir + - +p ^'(2 p t), 

P e { 0 ,l} 1 ' 

so that ? 7 / (t) = Yio^k^j 4(2 fe f). Note that 4(t) = 0 if < j M — 1 and |f^| is sufficiently small (indepen¬ 

dent of j, fc). Define, for k G N", k < j, 


7fc(t) = 4(i)<? (2J k) (*)- 

If |j — fe|oo < 1, it is easy to see that ||7fc||c r ^ 1, for every r. Suppose |j — k |oo ^ 1. Take /i so that 
|j — fc|oo = jfj. — k^. Because 4(f) is 0 for |t^| sufficiently small (independent of j, k), and by the Schwartz 
bounds on c,. we have for any a and L, 

Kik{t)\ < + \^~ k n,\)~ L < 2~ h ^~ k ^ L , 

where ho is as in (1731) . Taking L = L(M ) sufficiently large shows that for every M, 

j 2 MU-*| 7fe . J £ [0,0 ^,k^j,ke B u 77 e £ 2 } c C^(B N (a)) 


is bounded. Since rj^ 23 ' > = r/r/'^ 23 ' 1 = 2 


( 2 fc ) 
Vlk 


the result follows. 


□ 


In what follows, a M G will denote a multi-index in the variable. Let N = Ni + ■ ■ ■ + N u . 
a = (aq,..., a u ) 6 N^ 1 x • • • x = N^. We write df = dff ■ ■ ■ dff. This differs from multi-index 
notation, because the variables may overlap and, therefore, N may be greater than N. For j G [0, co] 1 ', 
we write 2= (2 _J ' e i d t i,. .., 2~ :i ' eN ^d ), and 2 _ - 7 d“ = (2 _J d tl ) ai • • • (2 _J (? tl/ ) ai/ . In particular, 

this is defined so that (2 -J d“)<^ 2 ^ = 


Proposition 7.7. Let a > 0, M 6 N and Zef B\ cz yfl^) and B 2 c Cff (B N (a)) be bounded sets. Let 
j e [0, oo) 1 ', cefii n ^ 0 }j an d V e £> 2 . There exists 


{ 7 fc,a : k ^ j,k G N", |a M | = M ic/ien # 0, |a M | = 0 w/ien k^ = 0} 
<= C?(B N (a)) 


such that if we set _ 

‘tk := ^ d t "*7fe,S; 

aeN" 

\otfj,\=M when 0 
|=0 when k^ = 0 

we have 

r 1 (f)^ 23) {t) = rift) X 4 2 } (4 
k^j 
ke N" 

Furthermore, for every L e N, Z/ie following set is bounded: 

{2 i b- fe l 7fe S : j e [0,co)",fc s=j,fc g N^cgBi n 77 g S 2 , 

la^l = M when # 0, |a M | = 0 w/ien = 0} cz C™{B N {a)). 
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Proof. Let j £ [0, go) 1 ", <; £ B\ n ^o}> and V £ Bi- We prove the result for M replaced by 2 M 

(because the result for M follows from the result for 2 M, this is sufficient). Define Eq = {fi : y 0}. 

Because ? £ yE 0 , Lemma m shows 


<T = 


n < 

-ME-Eo 


where {</ : j £ [0, oo)",? £ Si n c is a bounded set. Let ?/ £ C^(B N (a)) be such 

that rf equals 1 on a neighborhood of the closure of (J g 2 SU PP (»?)■ We apply Lemma [7761 to r]'^ 2 ^ to 


write 


v'(t)^ 23) (t) = J] v'itm 0 ) 


k^j 

fceN" 


where for every L , 

{2 L|j - fc| 7 fc : j e [ 0 ,oo)",fc < j, k £ IT,? £ 6 i n <= Cg 0 (£*(<*)) 

is a bounded set. Consider, using (EH), 


(7.6) 


( 2 j ) 

VS = V 


k^j 
keN 1 

We expand n^Eo A" as 


.jueSo 

n 


M 


~( 2 i ) 

0 - V 


n ( 2 - j - - a,,)^ 


H£E 0 


/?i 2j 




k^j [_fiEEo 
keN u 


/ ~ ( 2 fc ) 
V% 


= e 


n ( 2_j • a ^ 


rj q 




k^j IfieEo 
keN u 


~ ( 2 fc ) 
7fe 


n 

k-sEo 


I 




aeN 7V 

o: /x |=2M when fieEo 
|a M |=0 when h£Eq 


where c<; is a constant depending on a. Consider, 

(^)^r = (2 (fc --»‘ ) - e *3f7fc)( 2 *), 

where eg is a vector depending on a. Setting "/k,s = 2^ k ~^' es Csffk and using m completes the 
proof. □ 

For the next lemma, we move to the single-parameter case. Thus, we assume we have single¬ 
parameter dilations ei,..., eN £ (0, go) on R w . When we write ?( 2 J i(f) for ? : —► C and j £ R, we 

are using these dilations in the definition. 

Lemma 7.8. Fix 6 £ R. There exists M = M{5) £ N such that the following holds. For every bounded 
set B tz y(R w ) and j £ [0, oo) z /? 0 e B and ? = d“co with |a| = M, we may write 


2 js^) = ^ 2 fc5 ?g 


fc<U 2 ) 
j 


k^j 

keN 


where $k,j e ^(R^) /or fc > 0 cmd 

{fty : j 6 [0, oo), k £ N, k < j, % <= B,\a\ = M} cz y(R N ) 


is a bounded set. 
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Proof. Let $ £ Co°(R n ) equal 1 on a neighborhood of 0 £ R", and set ?/’(£) = (f(f) — <j>(2£) (here 2£ 
is defined using the given single-parameter dilations on R n ). Let f 6 N be the largest integer < j. 
Consider, where / denotes the Fourier transform of /, 

= (i - 
Let 

1 ( 2-^'0 := V s (l - ?( 2 -^)- 

Let Sj'j ,i be the inverse Fourier transform of Sj'j, i- Clearly 

l : j e [0, oo), c 0 G B, |a| = M) c ^(R") 

is a bounded set. 

Thus, we need only deal with the term 2^ s (f(2~^ ^{2~^ £f). Consider, 

£( 2 -*' 0 ?( 2- j '0 = y^(2-^0(2"^) a 3)(2- J '0 
= y^( 0 ( 2 -^) a a( 2- J ‘0 + i; 2 ^^( 2 - fc O( 2 -^)“?b( 2 -^) 

fe = l 

= 2 jS - jdes ( a ^ a $(£)so{2- j £) 

3 

+ 2 fc, 5 2 ( - J " fc) ‘ 5 +(fe "- J ' )des( “ ) ( 2 " fc ^)“^( 2 “ fe ^)?b( 2 _i O- 

k =1 

By taking M = M(<5) large, we have deg(a) >5+1. From here, the result follows by taking the inverse 
Fourier transform of the above expression. □ 

7.1 Proof of Proposition 12.41 

In this section, we prove Proposition ^. 41 The ideas here are not used elsewhere in the paper. 

Fix fi 6 {1,..., v}. Using the /x parameter dilations on discussed at the start of this section, 

we obtain single parameter dilations on t M by 

8fj. — (1 ,..., 1 , 5^, 1 ,..., 1 )t^, 

where ( 1 ,..., 1 , 8^, 1 ,..., 1 ) £ [ 0 , oo)" denotes the vector which is 8f in the fj. component, and 1 in all 
the other components. Let (f^ £ Cg^R^) equal 1 on a neighborhood of 0 £ R iV, ‘, and for j £ N" define 

0 \ _ j — < / > m( 2 ^ai)) if j > 0 , 

%',/ns/U 1 2 (t \ -r ■ n 

if j = 0 , 

where 2 £ M is defined using the single parameter dilations on R'U* (and so is not just standard multipli¬ 
cation). Note that XqeN (2 — = 1 in the sense of tempered distributions. Let ifj tfl be the inverse 
Fourier transform of ifj,^, and define if) p (j G N) in the usual way, i.e. if) 1 is defined so that 

J dtp = JVb>(^M 2 ^V) dt r> 

and 2~H I1 is defined by the single parameter dilations. We have, 

w = ( 7 - 7 ) 

je N 

where <5 0 (^/x) denotes the Dirac 8 function at 0 in the variable. In the next lemma, we take /x = v. 
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Lemma 7.9. Let 6 < 0 and fix £ c {1, 2, ..., v — 1}. Suppose B a is a bounded set. For j G N let 
{ft : l e N, l ^ j} c B be bounded. Define 9 by 

my- S .C'Ow. <«> 

/,feeN 
l a k=j 

where * denotes convolution in the t v variable. Then, 

{9 : j e N, {ft : l > j} A S} c A"(R W ) 


is a bounded set. Furthermore, ft) £ and 9 £ ^Su{^} for j > 0. 
Proof. We separate the sum in (17.81) into two parts: 

. i ' w>) **,.)(*} 

l>j k>j 


(9 * J) ) (*) = : 9,1 + 9,2- 


We first deal with 99 • It follows from a standard computation that 

{ (?( 2(0 ’°’"' ,0 ’ !)) * 1 >j, v ) (t) : ? e B,j ,/sNjc ^(R w ) 
is a bounded set. Since <5 < 0, it follows that 


{ 9,1 : j 6 N, {ft : l > j} cgjc ^(R w ) 

is a bounded set. If j > 0, because ft 6 S^e and tpj, v e ,5A(BA 12 ) it follows that ft * g ,/ £u i„j; and 
therefore 9-1 G S fi £ u { l> }. If j = 0, because ft e S^e it follows that ft * 4>o,u £ &s', and therefore co.i £ &£■ 
We now turn to 9 , 2 - For k > 0, because £ ^(R^* 2 ) we have tfk,v = where if v e 

(here we have used that ij)k,v does not depend on k for k > 0). Integrating by parts, we have 


here 


9 * V’?" J) = (2 J k ■ A99) * $ v \ 


2 j ~ k ■ A,, := 2 ( 1 ’-dd-fc) . A 


where 2 ^ 1, "-’ 1 d k i ■/\ u 

is defined via m - A standard estimate shows that there exists c > 0 (depending 
on the dilations; see (17.41) 1 with 


j 2C | J - fc | {2 j ~ k • A„ 9 ) * : j e N, {ft : l > 3 } 9 I?} c JA(R^) 

is a bounded set. It follows that 


{ 9,2 : j £ N, {ft : l > j} cgjc JA(R^) 

is a bounded set. Furthermore, since for k > 0 we have ifk £ <^‘o(R JV ‘') it follows that 9 *^ 2 J/ ^ e 

for all fc > 0. Hence 9,2 £ /jup), as desired. □ 

Lemma 7.10. Let {9 : j e N^} cz J^R^) fee a bounded set and let 6 e RA Suppose 9 e ■ 

TTien f/ie sum 

2 M 2 ’ 1 

jeN" 

converges in the sense of tempered distribution. 
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Proof. Let $ G ./(R^). Let N(j ) = maxjj^ : <5^ ^ 0}. The same proof as in Lemma T7. ll shows that for 
every L, 

' < 2 ~LN{j)_ 




dt 


Hence, if c = min{— 6 ^ : <5 M < 0} we have 


J dt 


< 2 -c l-h°°. 


The result follows. 


□ 


Lemma 7.11. Suppose d e l v . Let £ cr {1,..., i>} be such that {/i : 5^ ^ 0} c £. Suppose {<y : j G 
N"} cz is a bounded set with ^ G ^ o}- Define a distribution by 

K{t) := 2 

yeN" 

Let po f £. Then, there is a bounded set (?) : j G N 1 '} ez ^(R^) with <fj G ^’{ Ate £ u { |Uo } : j ^o} such that 

K(t) = ]T 2 

jeN* 

Proof. By relabeling, we may without loss of generality take po = v in the statement of the lemma 
(and therefore <5„ < 0). For the proof, we need some new notation. Separate t = (t v ,t„) and define 
v parameter dilations on t v as was done at the start of the section. Note that (for k G R), 2 k t v = 
2 (°,...,o,fc)^, where 2 k t v is defined via the single parameter dilations on R iV " defined above. For if G 
J^R^"), j G R 1 ', we dehne if^D as usual; i.e., for rj G S fi (M. Nv ), we have 


J ip( 2J) {t„)p(t u ) dt v = J if)(t v )r](2 H v ) dt v . 


For j G R" we decompose j = ( j',j v ) gR" 1 x R, where j' = (j i,..., j„_i). Notice, with this notation 
and applying (EH), we have for j'gR" 1 fixed 




fee N 


Also, we have, for y(R )V ), if e S fi {9, Nv ), j,k,l g R 1 ', 
Thus, writing j G FF as j = (j’,j „), we have 


(7.9) 


2 2- 2 2 2 J 

jeN u jeN u keN 


*j 


c 7 * , ib) 

^ Tk.t 


U',k)-5 


- 2 2 2 <’•**>)-= 2 L*’ jys 4; 


$ j u A k = l 


j'eN "- 1 le N 


where, 


20 ':= S 2 

j u Ak=l ' ' 

Using EH, this is equivalent to 


2 2«-- ,)< -(c 


( 2 ( 


—l\ 


j„Ak=l 


fto- 


Rewriting (j',Z) as j , and using Lemma EH we have G ^{^su{v}:j # 0 } and (?) : j £ N"} c: ^(R w ) 
is a bounded set, which completes the proof. □ 


Proof of Proposition \2fi\ The convergence of the sum follows from Lemma 17.101 From here, the result 
follows from Lemma 17.111 and a simple induction. □ 
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8 The Frobenius Theorem and the Unit Scale 


In this section, we review the quantitative Frobenius theorem from [Strllj : the reader is also referred 
to Section 2.2 of |Strl4] for further details and a more leisurely introduction to these concepts F^l 

Before we can introduce the setting of the Frobenius theorem, we need to introduce a few additional 
pieces of notation. Let f2 c K n be an open set and let U <= Q be an arbitrary set. For to e N, we define 

l/llc m (C7) := Z SU Pl d xf( x )l 

|«| 


and if we say < oo we mean that all the above partial derivatives exist and are are continuous 

on U. If V is a vector field on Q and V = Xq=i a jdxj, we denote by HUch^t/) := Xq=i \\ a j llc m (! 7 )’ ^ 
A is a n x q matrix, and no =% n a q 1 we let det„ oXno A denote the vector whose entries consist of the 
determinants of the no x no submatrices of A. It is not important in which order these determinants 
are arranged. 

Let c M™ be an open set. We are given C 00 vector fields Z \,..., Z q on II. For ie!l and S > 0, we 
let Bz(x,S) := B IZ i\ (x, 6 ), where B IZ i\ (x,S) denotes the Carnot-Caratheodory ball from Definition 
Busing the set (1,1) - m, 1 ),... AZ„ lj}. 

Fix xq 6 D. We assume that there exists 0 < Ci =% 1 such that: 

(a) For every ai,..., a q e L°°([0,1]), with T?=i l a ll 2 < 1, there exists a solution to the ODE 

II J IIL 00 

l'(t) = ajitftiZjfrtt)), 7(0) = x 0 , 7 : [0,1] fl. 

3 = 1 

Notice, by the Picard-Lindelof theorem for existence of ODEs, this condition holds so long as we 
take small enough, depending on the C 1 norms of Z \,..., Z q and the Euclidean distance between 
Xo and dfl. 

(b) For each m, there is a constant C m such that 

II'^Jc , ' t ‘(.B z (xo,£i)) ^ Cm- (8-1) 


(c) \Zj , Zk\ = J]f=i ° l j k^i on B(z,d) ( x o, Ci), where for every to there is a constant D m such that 


V II 7 a r l I 

Zj 11^ c 3Mc°(B z (xo,i;i)) 

|a|^m 


^ Dm 


( 8 . 2 ) 


For to ^ 2, we say C is an m-admissible constant if C can be chosen to depend only on upper bounds 
for to, n, q , C m from m, D m from (18.211 . and a positive lower bound for Ci- For to < 2, we say C is 
an TO-admissible constant if C is a 2-admissible constant. We write A < m B if A ^ CB, where C is an 
TO-admissible constant, and we write A B if A < m B and B < m A. 

Let no = dimspan {Zi(xq), ■ ■ ■, Z q (xo)}- In light of the classical Frobenius theorem, there is a 
unique, maximal, injectively immersed submanifold of D passing through xo whose tangent space equals 
span {Z i,..., Z 9 }-called a leaf. Bz(xq, 5) is an open subset of this leaf, and for a subset, S, of this leaf, 
we use the notation Vol (5) to denote the volume of S with respect to the induced Lebesgue measure 
on this leaf. See Section 2.2 of |Strl4j for more details. 

We state, without proof, the quantitative Frobenius theorem. The proof can be found in [Strllj . 

Theorem 8.1 (The quantitative Frobenius theorem). There exist 2-admissible constants C2,C3, ? 7 > 0, 
C 3 < C 2 < Ci an d a C 00 map 

^:B n °( V )^B z (xo^2), 

such that 

25 This quantitate version of the Frobenius theorem takes its roots in work of Nagel, Stein, and Wainger 1NSW851 and 
Tao and Wright (TW03'I on Carnot-Caratheodory geometry. 
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• $( 0 ) = xo- 

• <h is injective. 

• B z { 2 : 0 , 6 ) ^ ®(B n °(r])) £ B z (x 0 ,&)- 

• For u £ B n °(rj), 


det d$(u) 

n 0 xn 0 


det (Zi(x 0 )\---\Z q (x 0 )) 

no xn 0 


» 2 Vol ( B Z (xq , £ 2 )) , 


where (Z i(xo)| • ■ * \Z q (xo)) is the matrix whose columns are given by the vectors Z\{xq), 
Furthermore, if . ,Y q are the pullback of Z\,..., Z q to B n ° (rf), then 

\\ Z j\\c m (B n o( v )) -*-) 

and 

-2 1 - 


inf 

ueB n o (77) 


det (Yi(u)| • • • \Y q (u)) 

noxno 


(8.3) 


Zq(x 0 ). 


(8.4) 

(8.5) 


8.1 Control of vector fields 

Let fl' c Cl c K™ be open sets. Let Z = {Z \,..., Z q } be a finite set of smooth vector fields on Cl, which 
satisfy the assumptions of Theorem [571] at some point xq e Cl. Let Zq be another smooth vector field on 
Cl. We introduce the following conditions on Zq which turn out to be equivalent. All parameters that 
follow are assumed to be strictly positive real numbers. 

1. Pi(n, {<7(™} msN ), ( T i < £i) : There exists Cj £ C° (B z (xo,ti)) such that 

• Z 0 = c i z ii on B z (xq,t 1 ). 

• 2|a|^m \\ Z °‘ C j\\c 0 (Bz(xo,T 1 )) ^ a T ' 

2. ^ 2 ( 772 , {cr^lmeN)) (V 2 $ 771 ): Zq is tagent to the leaf passing through Xq generated by Z \,..., Z q , and 
moreover, if Yo is the pullback of Zq via the map $ from Theorem l8.ll then we have ||lo|lc m (B” 0 (r) 2 )) ^ 

m 

a 2 ■ 

Proposition 8.2. V\ V 2 in the following sense. 

• Vi(n ,{<rrU) => there exists a 2 -admissible constant 772 = 772 (ti) > 0 and m-admissible con¬ 
stants crff = alff (ex ™) such that 7^2 (^72 , {c™} m eN) holds. 

=^> there exists a 2 -admissible constant t± = ti (772 ) > 0 and m-admissible con¬ 
stants er™ = <j("(tT™) such that V\ (n, {cr™},™^) holds. 

Proof. This is contained in Proposition 11.6 of |Strl'2l . □ 

Remark 8.3. The proof of Proposition 11.6 of [StrlT actually gives more than is stated in Proposition 
18.21 namely, that cr™ is small if and only if < 7 ™ is small. More precisely for all e > 0, m £ N, there exists 
an m-admissible constant S m > 0 such that: 

• TMn, {o-rlmeN) => there exists a 2 -admissible constant 772 = 772 (iq) > 0 and m-admissible con¬ 
stants aff = erff^™) such that {cr™}™^) holds. Furthermore, if erf 1 < S m , then aff < e. 

• P 2 (V 2 ,{ a 2 l }m€n) => there exists a 2-admissible constant n = ti(? 7 2 ) > 0 and m-admissible con¬ 
stants a™ = (7 7 f l {cdf l ) such that {cx("} rne N) holds. Furthermore, if off < S m , then a™ < e. 

We will use this in Section [T5] 
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Definition 8.4. Let V = {Vi,..., V r } be a finite set of smooth vector fields on SI. We say V controls 
Zq at the unit scale near xo if Ti holds (with Z replaced by V). We say V controls Zq at the 
unit scale on S4' if Vi holds \/xo G f2', where the constants n, can be chosen independent of 

xq G f V. 

Remark 8.5. Proposition 18.21 shows that Z controls Zq at the unit scale near xq if and only if V 2 holds. 
This uses that Z satisfies the assumptions of Theorem 18.11 

Let 7 t (x) = 7 (t,x) : B N (p) x —> fl be a smooth function, satisfying 70 ( 2 ;) = x. Given 7 , we can 

define a vector field as in (031) given by 


W(t, x) 


d 

de 


e=l 


( 8 . 6 ) 


which is defined for \t\ sufficiently small (we shrink p so that W(t, x) is defined for all t 6 B N (p)). Just 
as above, we introduce two conditions, which turn out to be equivalent. All parameters that follow are 
assumed to be strictly positive real numbers. 


1 . 


Qi(pi,n ) {o’{ n } meN ), (pi <p, t 1 <£i): 

• W(t,x) = 2f=i ci(t,x)Zi(x), on Bzixo,^). 


j|a| + |/3|^m 


z a d?cA 


II C° (B N (pi) x B z (x 0 ,ri)) 




m 

1 • 


2 . Q2(p2,T 2 ,{a% 1 }), (p 2 p, r 2 £ 1 ): 

• 7 (B N (p- 2 ) x B z {x 0 , t 2 )) £ B z (xo,£i). 

• If p' = 7 /( 72 ) > 0 is an 2-admissible constant so smalffil that 


$(S n °(?/)) £ B z (x 0 ,t 2 ) c 


then if we define a new map 

9 t (u) = o lt o $( u ) : B N (p 2 ) x B n °(rj') - B n °( m ), 
we have | 0 || C m (B Ar (p 2 )xB n O(?/)) < a?. 

Proposition 8.6. Qi Q 2 wi the following sense: 

• Qi(pi,n, {o1"}meN) =^> there exists a 2-admissible constant 


P 2 = P 2 {Pi,n,<r\, N) > 0 
and m + 1-admissible constants cr™ = cr 2 l (cr{” +1 , N) such that 

Q 2 (P2,7"l/2, {(7™} me N) 


holds. 

• Qi{p 2 , t 2 , {cr^JmgFj) => t/iere exists a 2-admissible constant 77 = 71 ( 72 ) > 0 and m-admissible 
constants u/ 1 = (cr™ +1 , AT) such that 


Qi(P 2 ,n,{a™ }mew) 


holds. 

Proof. This is Proposition 12.3 of IStrl2j . □ 

26 Such a 2-admissible rf always exists. See Proposition 11.2 of (Si r 12| . 
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Definition 8.7. Let V = {Vi,..., V r } be a finite set of smooth vector fields on SI. We say V controls 
7 at the unit scale near xo if <2i holds (with Z replaced by V). We say V controls 7 at the unit 
scale on S7' if Q 1 holds with p 1 , n, and {cr^JmeN independent of xo G Si'. 

Remark 8 . 8 . Proposition 18.61 shows Z controls 7 at the unit scale near Xq if and only if Q 2 holds. This 
uses that Z satisfies the assumptions of Theorem 18.11 

Now let X be some index set (of arbitrary cardinality). 

Definition 8.9. For each t e 1, let V L = { Vf ,..., V.'(} be a finite set of smooth vector fields on f 1, 
and let Z( be another smooth vector field on 17. We say V L controls Z( at the unit scale on 17', 
uniformly in l e X if for each xo G 17' and l e I, Vi holds with parameters (ti, {ct™}) independent of 
xo G 17' and tel (with Z replaced by V L ). 

Definition 8.10. For each u e X let V L = { V (,..., Vf) be a finite set of smooth vector fields on 17 each 
paired with single-parameter formal degrees. Let 17' (c 17" (c 17 be open sets. Suppose, for each l el, 
7 1 : B n ( p) x 17 —> 17 is a smooth function satisfying %(x) = 0, and such that for |t| < p, 7 } : 17" —> 17 is 
a diffeomophism onto its image. We say V L controls 7 1 at the unit scale on 17', uniformly in tel 
if for each xo G 17' and tel, Q\ holds with parameters {p \, T\. {erf 1 }) independent of Xo G 17' and tel 
(with Z replaced by V L ). 

Remark 8.11. Fix q e N and for each t e X let Z L = {Z [,..., Z 1 } be a finite set of smooth vector fields 
on 17 (where q does not depend on t). We assume that the assumptions of Theorem 18.11 hold uniformly 
for Z L uniformly for Xq g 17', in the sense that £1 > 0 can be chosen independent of t, and C m and D m 
from EB) and (18.211 can be chosen independent of 1 . Note that m-admissible constants can be chosen 
independent of 1 . In this case, Z L controls Zq at the unit scale on 17', uniformly in t, if and only if V 2 
holds with parameters independent of Xo G 17' and l e X ('Proposition 18.21) . Z L controls 7 1 at the unit 
scale on 17', uniformly in l, if and only if Q 2 holds with parameters independent of xq g 17' and lei 
(Proposition [876]). 

Proposition 8.12. Let {X,d) = {(Xl, d \),..., (X q , d q )} a F(T17) x ([0, oo) 1 / \{0}) be a finite set. For 
6 s [0, l\ v , let Z 5 := {<5 dl Xi, ..., 8 dq X q \. 

• Let Xo be another C 100 vector field on 17 and let h : [0, l] 1 ' —* [0, l ] 11 be a function. Then, (X, d) 
controls (Xo ,h) on 17' if and only if Z s controls h(S)X 0 at the unit scale on 17', uniformly in 
<5 e [0,1]-. 

• (X, d) satisfies T>{LL') if and only if Z s satisfies the conditions of Theorem lff.ll uniformly for 
5 G [0, l]" and xo G 17'. 

• Let ( 7 , e, N, 17,17'") be a parameterization with v-parameter dilations (where 17' (c 17'" (c 17j. Then 
(X, d) controls ( 7 , e, N, 17,17'") on 17' if and only if Z s controls 7 st(x) at the unit scale on 17', 
uniformly in 6 e [0, l] u . Here, St is defined with the v-parameter dilations, e. 

Proof. Let di = |di|i, ...,d q = \d q \i, and let (Z s ,d) = {(Zf,d 1 ),..., (Z*,d q )}. If, in all of the definitions 
“at the unit scale” and in the conditions of Theorem 18. II we replace B z s(x , •) with B^ zS ^ (x, •), then 
the above results follow immediately from the definitions. To complete the proof, it suffices to note, 
given ti > 0, there exists 72 = T 2 (ti) > 0, depending on the C 1 norms of Xi,... ,X q , and upper and 
lower bounds for d\,... ,d q such that 

B Z s{x,T 2 ) C B( z s ^ (x,Tl), B^ z5 ^ (.X,T 2 ) C B z s(x,Ti). 


The result follows. □ 

Remark 8.13. Combining Proposition IS. 121 with Remark [8.111 shows that we can use the characterizations 
V 2 and Q 2 at each scale, uniformly in the scale, when working with the notions of control. This is the 
key point behind these definitions. 
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9 Proofs: Adjoints 


A key point in the proofs that follow is that the class of operators we consider is closed under adjoints. 
More precisely, we have the following results. Fix open sets S4 0 (<= ST C S2" <£ fl'" (cf S4 c R n . 

Proposition 9.1. Let ( 7 , e, N, ft, ST") be a parameterization. Forte R w with |t| sufficiently small, we 
may consider r )f 1 {x); the inverse of it(-). Then, 

( 7 r\e, AT, 


is a parameterization. Furthermore, if ( 7 , e, JV) is finitely generated (resp. linearly finitely generated) 
by T on £1', then (if 1 , e, iV) is finitely generated (resp. linearly finitely generated) by T on LI'. 

Proof. It is clear that (if 1 , e, N, Cl", Q) is a parameterization. When ( 7 , e,N) is finitely generated by 
T on ST, that ( 7 f Y ,e,N) is finitely generated by T on ST is exactly the statement of Lemma 12.20 of 
[StrT 2 | . 

Now suppose ( 7 , e, N ) is linearly finitely generated by T on ST. First we claim that T controls 
( 7 f x ,e,N) on ST. Indeed, by Lemma 14.241 ( 7 ,e, N) is finitely generated by T on ST, and by the above 
( 7 f x ,e,N) is finitely generated by T on SI', and therefore ( 7 ^ ,e,IV) is controlled by T on ft'. 

Let ( 7 , e, N ) correspond to the vector field parameterization (W, e, N ), and let ( 7 t _1 , e, N ) correspond 
to the vector field parameterization ( Wi,e,N ). We know that 

N 

W(t) = 2 tjXj + o(|t| 2 ), 

3 =1 


where {A'i ,... ,Xn} and F are equivalent on S7'. By the definition of linearly finitely generated, the 
proof will be complete once we show the same is true for W, (with Xj replaced by —Xf). We have 



let o let 1 0 lt{x) 

e=l 


W(t,it(x)) + (d x it{x))Wi(t,x ). 


I.e., 


Wi(t,x) = -( d x it(x )) 1 W(t,i t (x)). 


Using that W[t,x) = 0, and that io{x) = x , we have 


Wi(t, x) 


~(d x it{x)) 1 W(t,it(x)) 


N 


—W(t,x) + 0(\t\ 2 ) = 2 + om 2 )- 

3 =1 


The result follows. □ 

Theorem 9.2. Let ( 7 , e, N , SI"', S2) be a parameterization. There exists a > 0 (depending on the param¬ 
eterization) such that ifT is a fractional Radon transform of order S £ R" corresponding to ( 7 ,e,N) on 
B n ( a), then T* is a fractional Radon transform of order S corresponding to (if 1 , e, N) on B N (a). 

Proof. Suppose T is given by (lull) . Then a simple change of variables shows, if K 6 K.s(N,e,a) for 
a > 0 sufficiently small, 

T*f(x) = if 2 (x) J f(if 1 (x))if 1 (if 1 (x))K(t,x)K(t) dt , 

where _ 

H(t,x) = nft^f 1 ^)) |(det d x it) (t,if 1 (x))\ . 

Using that 70 ( 2 ) = x, for |t| < a (if a > 0 is chosen small enough), 

(det d x it) (t,if\x)) 

stays bounded away from zero, and therefore h £ C 00 (B N (a) x S4"). The result follows. □ 
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Iii the sequel, we need the following version of Theorem 19.21 which happens “at each scale”. 


Proposition 9.3. Let ( 7 , e, N, f2, LI'") be a parameterization. There exists a > 0 such that the following 
holds. Let B 1 <= y(R N ), B 2 <= C£>(B N (a)), B 3 c= CS°(n 0 ), and B 4 c= C ao (B N {a) x fi") 6 e founded sets. 
Tor j G [ 0 ,oo) l/ , ceBjn ^{^^^>0}; V 6 ^2. ipi, ^2? £>3? and k g £>4, define 

T j[('Y,e,N),<; J r),'ilj 1 ,ip 2 ,K\f(x) ■= ipi{x) J / (Tt (^) )^2 (t* (^) )«(*, x)r](t)<; {2J ] (t) dt. 


Then, 


Tj[(-y,e, dV), c, ? 7 , V^i, " 02 ,«] * 


is “ 0 / t/ie same form” as 




with ( 7 , e, AT) replaced by (y t 1 ,e, N). More precisely, 


T A( 7, e, IV),?, 77 ,^ 1 ,-02, «]* 


r j[(7t 1 , e, AT), c, 77 , , «], 


where R = R(n, ( 7 , e, IV)) and 

{k: neBi] <^C (X) {B N {a) x Li") (9.1) 

is a bounded set. In the above, g, rj, ip 2 , and ipi denote the complex conjugate of the respective function. 
Proof. A straightforward change of variables shows 

T j [(7, e, AT), ?, 77 , ipi , -02 , k]* = Tj [('yfi 1 ,e,N), g, rj, i/j 2 ,ipi,k], 


where _ 

«(*,®) = «(*. 7^0*0) |(detd x 7 t) (t, 7 t _ 1 (a;))| . 

Using that 70 ( 2 ) = a;, for |f| < a (if a > 0 is chosen small enough), 

(det d x "f t ) (i, 7 t _1 (*)) 

stays bounded away from zero, and therefore the set in (19.11) is bounded. □ 

10 Proofs: A Technical L 2 Lemma 

In this section, we present a basic L 2 lemma, which lies at the heart of our analysis. The lemma has two 
parts. The first part is a consequence of the basic L 2 result which forms the heart of the work in [Str 12] : 
we use this to study fractional Radon transforms corresponding to finitely generated parameterizations. 
The second part is an analogous version which is appropriate for studying fractional Radon transforms 
corresponding to linearly finitely generated parameterizations. 

Fix open sets LI' C LI" <£ LI'" (c LI c R™. Let Z = {Z \,..., Z q } be a finite set of smooth vector fields 
on LI. We assume these vector fields satisfy the conditions of Theorem 18.11 uniformly for io G !f It, 
therefore, makes sense to talk about m-admissible constants as in that section; and these constants can 
be chosen to be independent of Xq g LI'. 

Let 7 (t,x) : B N (p) x LI'" —> Lt be controlled at the unit scale on LI' by Z, with 7 ( 0 , x) = x. Fix 
a > 0 small (to be chosen later). Let n(t,x) G C co (B N (a) x LI"), ipi,ip 2 e Co°(fl'), and g G Cjfi{B N (a)). 
Decompose = R ^ 1 x R ^ 2 and write t = (ti,t 2 ) 6 I ^ 1 x K.^ 2 . Define W as in (18.61) . We separate 
our assumptions on W into two possible cases. 

Case I: Setting t 2 = 0 and expanding W(t\, 0) as a Taylor series in the t\ variable 

W(ti,0) ~ £ t?Z a , (10.1) 

| a |>0 
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where the Z a are smooth vector fields on f l". We assume that there exists Me N such that the following 
holds. Let Ff 1 := {Z a : ci < M }. Recursively define 




u {[n,r 2 ] : y l6 jf 


Y 2 ^F l M } 


We assume that T 1 ^ controls Z at the unit scale on SI'. 

Case II: Setting f 2 = 0 and expanding W(ti,0) as a Taylor series in the t\ variable as in (110.11) . we 
assume {Z a : |ct| = 1} controls Z at the unit scale on fT. 

We also separate our assumptions on into the same two cases: 

Case I: $?(fi,f 2 ) dt 2 = 0. 

Case II: For some L e N, ?(ti,t 2 ) = Ti\ a \=L *2), where G Cff{B N (a)). 

For ( e (0,1], define an operator 

D ( f(x) = ip!{x) J /(7t 1 ,ct 2 ( a; ))' ! / ; 2(7t 1 ,ct2 ( x )) K (ti ,(t 2 , x)<;(t) dt. 

Lemma 10.1. If a > 0 is chosen sufficiently small, then we have: 

• In Case I, there exists e > 0 so that ||-Df || L 2_ ) . i 2 55 C e - 

• In Case II, ||£)^ \\ L 2_> L 2 55 C^ 2 . 

In our applications of Lemma 110.11 it is important that we be explicit about what parameters the 
constants may depend on. Because Z satisfies the conditions of Theorem 18.11 it makes sense to talk 
about ?n-admissible constants as in that theorem. In this section, we say C is an admissible constant, 
if C can be chosen to depend only on the following: 

• Anything an m-admissible constant can depend on, where m can be chosen to depend only on q , 
n , and M in Case I, or q , n , and L in Case II. 

• |Mlc*'(.B JV (a)xr2')> IIV’illC K (f2')’ and ||V’2||c K (fi')’ where K can be chosen to depend only on q, n, N , 
and M in Case I, or q , n, N, and L in Case II. 

• In Case I, ||c||c'- ftr (s JV (a.)) 5 where K can be chosen to depend only on q, n , N , and M. 

• In Case II, ||cct||c K (s w (a))i M = L, where K can be chosen to depend only on q , n , N, and L. 

• Because Z controls 7 at the unit scale on IT, we have that <2i(pi, n, {er^jmeN) holds at each point 
Xo 6 ST, for some pi, 7i, and {cr™} independent of So- C can depend on p\, n and cr™, where m 
can be chosen to depend only on q, n, and M in Case I, or q , n, and L in Case II. 

In Lemma 110.11 a and the implicit constants in < are all admissible constants. In Case I, e can be 
chosen to depend only on q , N , and M. For the remainder of this section, we write A < B to denote 
A < CB, where C is an admissible constant. 

Proof of Lemma \l(J.l \ in Case I. We first claim that we may, without loss of generality, replace Z with 
. Indeed, because T™ controls Z.j at the unit scale on ST, MZj e Z, we have that controls 7 
at the unit scale on SI'. Because Z controls 7 at the unit scale on SI', we have that Z controls Y at 
the unit scale on SI', MY e Combining this with the fact that J-jJf controls Zj at the unit scale 

on SI', VZj G Z, it follows that satisfies the conditions of Theorem 18. II indeed, if X, Y e then 
Z controls [X, l r ] at the unit scale on SI', and therefore controls [X, Y\ at the unit scale on SI'. 
Hence, satisfies all the hypothesis that Z satisfies in our assumptions and we may assume Z = Ffjj 
in what follows. 

It suffices to show that there exists e > 0 (depending only on q , n, and M) such that 


\ d c d c d c d c\\ l2 _ 


>L 2 


55 C e - 
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Because 


L 2 —>L 2 


< 1, it suffices to show 


D 


* 

C 


\\D C D*D C \\ L2 ^ L2 < C. (10.2) 

Set Si = D c , S 2 = D*, Ri = D c , and R 2 = 0. Note, 

Rif{x) = ip 2 (x) J /( 7 t 1 ,o( a: ))^ 2 ( 7 ti,o(a:))«(ii ) 0 ,a;)?(ti,t 2 ) dtidt 2 = 0 , 

where we have used the fact that ^(ti,t 2 ) dt 2 = 0. I.e., R 2 is the same as R\ but with ( = 0. (110.211 is 
equivalent to 

\SiS 2 (Ri - R2)\\ l ^ l , <c, (10.3) 

and this follows directly from Theorem 14.5 of | jStrl2l . See the proofs of Proposition 15.1 of IStrl2j and 
Theorem 10.1 of |SS13j for similar arguments with more details. □ 

Proof of Lemma \ 10. 1\ in Case II. Without loss of generality, we may take Z = {Z a : |a| = 1}, where 
Z a is as in (110.Ill : this follows as in Case I, replacing with {Z a : |a| = 1} throughout the hrst 
paragraph of the proof of Case I. Just as in Case I, we have that this choice of Z satisfies all of the 
assumptions; in particular, it satisfies the assumptions of Theorem 18. II 

It follows from a simple change of variables that (for a > 1 sufficiently small), I-DcIl;,—< 1. Thus, 
by interpolation, it suffices to show \\D(\\ LCB _> L(X , ^ C, L ■ Let / be a bounded measurable function with 
sup x \f(x)\ = ||/|| i0O . Fix xo e Q'. We will show 

\D ( f(x 0 )\ < ( L ||/|| i00 , (10.4) 

with implicit constant not depending on xq, and the result will follow F^l 

Because 7 is controlled by Z, it is easy to see that D^f( xq) depends only on the values of / on 
Bz{x 0 ,^ 3 ) provided we take a > 1 to be sufficiently small, and £3 is the 2 -admissible constant from 
Theorem 18.II Let $ be the map from Theorem 18.II with this choice of Xq and Z. Let <f>#/ = / o $ (the 
pullback via <&), and consider the operator := Let 77 > 0 be the 2 -admissible constant 

of the same name from Theorem 18. II and let no = dim span {Zi(xq ),..., Z q (x 0 )}. Because Bz{x 0 , £3) c: 
and because $(0) = x 0 , to show (110.41) it suffices to show, for supp ( 3 ) <= B n °(ij), 

|3C5(0)| < C L llflllioo. (10.5) 

Let 9t(u) = 4 1-1 o 7 t o $(u). By Proposition 18.61 we have 

\\9\\c L + 1 (B N (a)xB n o(ri)) ^ 1- (10.6) 


Also, 


Fcfl(O) =V'1°4>(0) ^g(d t (0))il)2(9t(0))K(t, $(0))C N2 <;(ti,C 1 t 2 ) dt. 

= C L 2 Vh 0 $(°) \9(dt(0))i/J2(dt(0))K{t,<S>(0))C N2 dt 2 ‘; a (t 1 ,C 1 t2) dt. 

M =l J 

Fix a with |a| = L. Set 

4 := J g(0 t (0))i> 2 (9 t (0))K(t, $(0))C N2 dt. 

We will show 

\i a \<\\g\\ L «,, (io.7) 

27 It suffices to only consider f such that sup^, \f(x)\ = l/H^oo because and therefore if / is supported 

on a set of measure 0, then D^f = 0 almost everywhere. 
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and then (110.511 will follow, which completes the proof. Because q a (ti,t 2 ) can be written as a rapidly 
converging sum of functions of the form qi(ti)<; 2 (t 2 ) with 6 Cg°(B Nl (a)), q 2 G C”(I3 Ar 2 (a))Ef| and so 
it suffices to assume q a {ti,t 2 ) is of the form <? a (h,t 2 ) = ?i(ii)? 2 (i 2 )- Thus we are considering 

I a ■= J5(6 , t(0))^ 2 (6 , t(0))K(t,$(0))?i(ti)C^ Ar 2 d t Q 2 ^(C _ 1 i 2 ) dt. 

Let Yi,...,Y q be the pullback of Z\,.. ., Z q via $ to B no {rj). Because we are assuming Z = {Z a : \a\ = 
1 }, our we have that q = Ni and if we write t± = (t\, ..., t\). 


8t{ 


0t( 0) 


= *i(0). 


t =o 


By possibly rearranging the coordinates of ti and using (18.51) . we may assume 


( 10 . 8 ) 


|det (Yi(0)|---|y„ o (0))| > 1. 


(10.9) 


Separating t\ = (ii.i, * 1 , 2 ) where tip = (ti,...,t"°) and tip = (t" 0+1 ,..., t\), (110.911 combined with 
(110.81) shows 

det ~ 1- 

Applying a change of variables in the tip variable (setting u = 9 t ), taking a > 1 sufficiently small, and 
using (110.61) . we have 


A = 


j g(u)K(u, tip, t 2 )C N2 d?M( 1 t 2 )dudt li2 dt 2 , 

J|xx|, 1 * 1,2 | <0 


where ||< 10 Integrating by parts, we have 


I n = (- 


(- 1 ) L f g(u) [df 2 K(u,ti, 2 ,t 2 )] C W A 2 (C x t 2 ) dudh, 2 dt 2 . 


t |tx|, 1*1,2 I <0. 

That |/ a | < ||g|| ioo now follows immediately. 

In the next two subsections, we present our main applications of Lemma ll0.ll 


□ 


10.1 Application I: Almost Orthogonality 

Fix open sets fto C ft' C ft" C ft'" (<= ft c R ra . For a set Fcl" define 

diam F = sup |j — k\. 

j,keF 

Suppose ( 7 1 , e 1 , Ni, ft, ft'"),..., (p/ L , e L , Nl, ft, ft'") are L parameterizations, each with j'-parameter di¬ 
lations 0 A ei,... e l N e [0, 00 )". We separate our assumptions in this section into two cases: 

Case I: There exists a finite set F cz T(Tft) x ([0, oo) y \{0}) such that 

( 7 1 , e 1 , Ni), ..., ( 7 L , e L , Nl) 

are all finitely generated by J 7 on ft'. 

Case II: There exists a finite set T tz T(Tft) x such that 

i'y 1 ,e 1 ,N 1 ),...,('y L ,e L ,N L ) 

are all linearly finitely generated by J 7 on ft'. 

28 We are using the fact th at C”( B Nl (a))(§)Cg° ( B N2 (a)) = Cq° (B Nl (a) x B N2 (a)), where §) denotes the tensor product 
of these nuclear spaces. See ITre67l for more details. 

29 See Theorem B.3.1 of IStr 141 for a precise statement of this kind of change of variables. 
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Fix a > 0 small (how small to be chosen later). For 1 ^ I ^ L, ? e S?(R. Nl \ rj e C® (B Nl (a)), 
j g [0, co)", ifji , ip 2 e C 8 °(fio), and k e C™ (B Nl (a) x 17"), define the operator 

r j[?»^)V , i)V’ 2 ,K]/(a;) 

■'= V’iW J fHi( x ))^2(^li{x))K(t\x)ri{t l )^ 23 \t l ) dt l . 

Proposition 10.2. For each l e {1,let B‘ c= ^(K^), B' c C$>{B N ‘(a)), B\ c= C®(17 0 ), 
and £>4 c C cc (B Nl (a) x 17") 6 e bounded sets. For ji,... ,jL e [ 0 , 00 )", q 6 „>o} n £>!; Vi 6 

V , i ) ljV , 2,i e ^ 3 > and ki G £> 4 , define 

T ji '■= Tjfcu 1 , 1 , $ 2 ,«.««]• 

Then, there exists a > 0 (depending on the parameterizations) such that the following holds. 

• In Case I, there exists e > 0 (depending on the parameterizations) such that 

Il'T'l II <r /^o—ediani {ji,... jl} 

II Ji it IIl 2^ L 2 '- u ‘ > 

where C depends on the above parameterizations, and the sets B[, B l 2 , B l 3 , and B\. 

• In Case II, for every N, there exists Cjv (depending on the above parameterizations, and the sets 
B\, B\, B\, and B\) such that 

llT 1 . . T l II <r /^f.o-iVdiam {ji,...,ji,} 

Irii 1 jL\\L 2 ^L 2 ^ 

In this section, we prove of Proposition 110.21 
Definition 10.3. Given S c F(T17) x ([0, oo)"\{0}), define the following: 

• For p G {1,..., v), let 

7 Tfj(S) := {(X, d) G S : d is nonzero in only the fj. component}. 


• For K 3 s 0, let 


a K (S) :={{X,d)eS:\d\ 1 ^K}. 


• For I\ G N, let Ck{S) be defined inductively as follows: C\(S) = S and for j ^ 1, 


C j+ i{S):= 


£j(S) U 


U {([X 1 ,x 2 ],d 1 + d 2 ) : (Ad, dt) g £ fc (5), (A 2 , d 2 ) g C,(S)} 

k+l=j +1 
l^k,l 


Note, £(5) = U jeN ^(5)- 

Lemma 10.4. Suppose Si,S 2 a F(T17) x are such that there exists a finite set J- cz F(T17) x 
([0 ,go)"\{0}) with both C(Si) and C(S 2 ) finitely generated by T on 17'. Then, there exists L gN such 
that the following holds. Pick any two subsets V\,V 2 £ {1,..., v} with V\ (JP 2 = {1,..., v}. Then, the 
set 

Cl l (J U^M)) (10.11) 

is equivalent to J- on 17'. 
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Proof. Because £(<Si) and £(£ 2 ) are both equivalent to F on 12', taking S = (0,..., 0, <5^, 0,..., 0) £ 
[0, 1]" in the definitions shows C^^Si) and £(^^ 2 ) are equivalent to ir^F on 12'. In particular, n^F 
controls ir^Si and 717^2 on 12'. For l = 1,2, Si = (J it^Si and so, 

£ ( U v 

\AtE{l,...,!/} 

controls £(<Si) and C(S 2 ) on 11', and therefore, £ (lj/xe{i vj controls F on 12'. 

Because C(n^Si) and C('K ll S 2 ) are both equivalent to 7 t^F on 12', we have 


£ U |J ’* s ‘ 

\le{l,2} J 

controls (J M ir^F on 12', and therefore controls £ ((J/xe{i v} on an d therefore controls F on 

12'. Because F is finite, there exists L such that the set in (110.111) controls F on Cl'. It follows that, 
with this choice of L, the set in (110.111) and F are equivalent on Cl 1 . □ 

Lemma 10.5. Suppose Si, S 2 ,F a T(TCl) x5„ are finite sets such that Si, S 2 , and F are all equivalent 
on Cl'. Let Vi , V 2 {1, ■ ■ •, be such that V\\JV 2 = {1,..., v). Then 

U U n " Si 

le{l,2}iieVi 


is equivalent to F on Cl'. 

Proof. It follows immediately from the definition of control, by taking 

<5 = (0,..., 0, 0,..., 0) e [0,1]", 

that tt^Si, TTfj,S 2 , and 7 t^F are all equivalent on 12'. Because F = (J 7 i^F (similarly for <Si and £ 2 ) by 
assumption, the result follows. □ 

The heart of the proof of Proposition 110.21 lies in the next lemma. For it, we need some notation 
from Section 0 For l = 1, ...,£, we let t l £ M. N ‘. For 1 ^ p, < 12 , we let t 1 denote the vector 
consisting of those coordinates tb of t l such that e*- # 0 (i.e., the /rth component of e, is strictly 

positive). We let N[ J denote the dimension of the t'j, variable, and let A) = Nf + ■ ■ ■ + Njf. We write 
di = (a [,..., a l v ) £ N N ‘ x ■ • • x , and define 8fi as in Section [7] 

Lemma 10.6. There exists a > 0 (depending on ( / y 1 ,e 1 , ATi) and (y 2 , e 2 , N 2 )) such that the following 
holds. For 1 = 1,2, let B[ <= C(°(B N ‘(a)), B l 2 a Cg°(Cl 0 ), and B l 3 c C*>(B N '(a) x 12") be bounded sets. 
Fix Me N. Let ji, J 2 £ [0, 00 )". For l = 1,2 suppose the following. 

Q = X 

\a l \=M when jf 1 #0 
1ajj=0 when =0 

where 7^3 e B[. Let ^ 2,1 G B\, and ni e B\. Define, 

T l jJ{x) = ipi,i{x) J f^\ l (x))Ki(t\x)^ 2 ,i{l\i{x))g (23l \t l ) dt l . 


Then, 
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• In Case I, if M > 1, there exists e > 0 (depending on ( r y 1 ,e 1 ,N\) and {y 2 ,e 2 ,N 2 )) such that 


II rj ~il rji2 || 

\\ 1 ji 1 32 II L 2 -»L 2 


< C2~^ h ~ j2 \ 


where C depends on ( 7 1 ,e 1 ,N 1 ), ( 7 s , e 2 , N 2 ), Bf, Bf, and B(, l = 1,2. 

• In Case II, for every N, there exists a choice of M and a constant Cn (depending on ( 7 , e 1 , N\), 
(' -y 2 ,e 2 ,N 2 ), Bf, Bf, and Bf, l = 1,2) such that 


It 1 t 2 II 

\\ ji h\\L a ->L 2 


C N 2~ n ^~ 32 ( 


Proof. We prove the two cases simultaneously. Ifji = j 2 , the result is obvious, so we assume \j± —j 2 \ > 0. 
Set j = j 1 a j 2 G [0,oo) y (the coordinatewise minimum of j 1 and j 2 ). Set Z = {2~ 3 ' d X : (X,d) G P}. 
Because IF satisfies V{CY), Z satisfies the conditions of Theorem 18. 11 uniformly for xq g Cl'. 

Consider, 


T n T lfW 


J/(72-i2*2 0 72-3141 ( x ))^% 2 (72-3-242 0 72-21 ti ( X )) 
n(2~ h t 1 ,2~ 32 t 2 , a;)<?i(t 1 )^ 2 (t 2 ) dt x dt 2 , 


where k g C' X) {B Nl {a) x B N2 {a ) x f2) and f2' C U <£ fl ,/ , provided a > 0 is chosen small, and re ranges 
over a bounded set as the various parameters in the problem vary. 

Take p so that | j( — j 2 \ = \ji — j 2 \ao > 0. We assume > jj-the reverse case is nearly identical, 
and we leave it to the reader. Separate t 1 into two variables, t 1 = (tjt,t*±), where tf denotes the vector 
consisting of those coordinates tf of t l so that ef Jt A 0, and tf ± denotes the vector consisting of the 
rest of the coordinates. We write 2 ~ 3l tf and 2~ 3l tf x for the corresponding coordinates of 2 ~ 3l t 1 . Let 
C = 2-C»T-^) c , where c = min{e} M : 1 < j < A 0} > 0. Note that if tf = ( tf t l ,.. we 

have 

where £ 1 ,..., (y G (0,1] (here, £ 1 ,..., (y depend on ji,j 2 ). By our hypotheses, 73-^1 (x) and 73-372 are 
controlled at the unit scale by Z on CY (here, and everywhere else in this proof, all such conclusions are 
uniform in ji,j 2 ). It follows immediately from the definitions (see also Proposition 12.7 of |Strl2| ~) that 

7 2 -32 t 2(x) 


are controlled at the unit scale by Z. Let si = (U x ,i 2 ) and s 2 
[Strl 2 l . we have 


7 ^, 62 ^) : 72 - 32*2 ° 7 ( 2 - 3(53 


= tf. Applying Proposition 12.6 of 

),2-3i t 1 ± )( a; ) 


is controlled at the unit scale by Z on CY. Set <r(si,S 2 ) : = Ci(t 1 )^ 2 (t 2 )- By our hypotheses, 


?{s 1 ,s 2 ) = ^ d 7 2 ?<*{si,s 2 ), 

\a\=M 


where {?(*} tz C(f ) (B Nl+N2 (2a)) is a bounded set (where {fa} denotes the set of all ? a as the various 
parameters in the problem vary). Also, define 


k(s!,s 2 ) : = V> 2 , 2 ( 7 * 1 , S2 0 )M ( 2 J 1 *jU )> 2 33 t 2 ,x) 


so that {k} cz C co (B Nl {a) x B N2 (a ) x Cl) is a bounded set (again, {k} denotes the set of all such k as 
the various parameters vary). Using this notation we have 


T F T lfW 



f{ A fsiXs 2 {x))k(s 1 ,(s 2 ,x)^(s 1 ,s 2 ) dsi ds 2 . 
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The goal is to apply Lemma riO.ll to this operator. 
Define 

W(s,x) = — 


7 es°7 s {x), 


e=l 


and suppose the parameterizations ( 7 1 ,e 1 ,iVi) and (y 2 ,e 2 , N 2 ) correspond to the vector field parame- 
terizations (W 1 , e 1 , N{) and (IT 2 , e 2 , N 2 ), respectively. Returning to the t 1 , t 2 coordinates and treating 
W as a function of (t 1 , ^ 2 ) = ((t^, t*±), t 2 ), we have 


W((0,t*x),0) = W 1 {0,2-^m), W(0,t 2 ) = W 2 ( 2~H 2 ). 


( 10 . 12 ) 


We now separate the proof into the two cases. We begin with Case I, and we wish to show that 
the hypotheses of Case I of Lemma 110.11 hold in this situation, with the above choice of Z. At this 
point it is a matter of unravelling the definitions. We have already seen that Z controls 7 at the unit 
scale on ST, and it is clear that when M ^ 1 , $c(si,S 2 ) ds 2 = 0. Write W^t 1 ) ~ Xl[a|>o(t 1 ) a ^a> and 
W 2 (t 2 ) ~ 2|q,|>o (t 2 ) a Xa- For 1 e {1,2} let Si := {(X l a ,deg(a)) : deg(a) £ 0 ^}. By our assumptions, 
both £(Si) and C(S 2 ) are equivalent to T on ST. For 1 e 1,2, let Vi := {// £ {1,... ,v} : j 1 /' = jy}; 
i.e., /T £ Vi if and only if j}' = a . Clearly V\ (J V 2 = {1,..., v) and fi $ V\. Lemma, 110.41 shows 
that there exists L such that the set in (110.111) is equivalent to J on fl'. In particular, the set in (110.111) 
controls T on ST. Notice that there exists K = K(L) such that for each 


{X,d)e (J (J ctl(7t m 5z), 

Ze{l,2} h'g'Pi 


the following holds: 


• d is nonzero in precisely one component: d^ A 0 for only one // £ { 1 ,..., v). 

• This // satisfies // e Vi u V 2 = {1,..., v}. 

• If fj! £ Vi, X appears as a Taylor coefficient in W 1 { 0, i*j_) corresponding to some multi-index a 
with |a| < K and deg(a) = d. Here we have used n$Vi, so that jj' A /i in this case. 

• If /T £ V 2 , X appears as a Taylor coefficient in W 2 (t 2 ) corresponding to some multi-index a with 
| a | ^ K and deg (a) = d. 

Combining this with (110.121) . and using that d is nonzero in only one component, shows that 2~x d X 
appears as a Taylor coefficient in W(s\,s 2 ) corresponding to a mulit-index of order < K. Combining 
this with the fact that the set in (|10.11l) controls T on ST shows that the hypotheses of Lemma 110.41 
hold in this case. It follows that there exists e, e', e" > 0 with 


rri 1 rri2 II 

1 ji 1 j2\\L 2 ^L 2 


< C < 


as desired. 

We now turn to Case II, and we wish to show that the hypotheses of Case II of Lemma 110.11 hold in 
this situation with the above choice of Z , and it again is just a matter of unravelling the definitions. We 
have already seen that Z controls 7 at the unit scale on ST, and we have c(si, S 2 ) = 2| a |=M ds 2 S a {si, s 2 ), 
where £ C^(B Nl (a) x B N2 (a)) ranges over a bounded set as the various parameters in the problem 
vary. Proceeding as in Case I, we write W\(i x ) and W 2 (t 2 ) as Taylor series. For l = 1,2, we set 
Si := {(X l a , deg(a)) : deg(a) £ and |cn| = 1}. Our hypotheses imply that Si, S 2 , and T are all 
equivalent. Define V\ and V 2 as in Case I; i.e., Vi := {// £ : jj 1 = j^}. Note /i $ V\. By 

Lemma 110.51 

U U n i‘ ,Si ( 10 - 13 ) 

Ze{l, 2 } 11’eVi 

is equivalent to T on ST. Note that for (A, d) £ IJzeR 2 } U^'ePj Tfii'Sz, the following holds: 
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• d is nonzero in precisely one component: d¥= 0 for only one p! e { 1 ,..., v}. 

• This // satisfies // e Vi u V 2 = {1, • ■ ■, 22 }. 

• If p's Vi, X appears as a Taylor coefficient in IT 1 (0,t^ i ) corresponding to some multi-index a 
with |a| = 1 and deg(a) = d e 0 „. Here we have used p f Vi, so p! # p in this case. 

• If p' e V 2 , X appears as a Taylor coefficient in W 2 (t 2 ) corresponding to some multi-index a with 
|a| = 1 and deg(a) =dei)„. 

Combining this with (110.121) . and using that d is nonzero in only one component, shows that 2~ xd X 
appears as a Taylor coefficient in 1 F(si,S 2 ) corresponding to a mulit-index of order 1. Using that the 
set in (110.131) controls T on fl' shows the the hypotheses of Lemma 110.41 hold in this case. Thus we 
have, for some c, d > 0 (independent of any relevant parameters) 

WT^ T 2, II < /* M / 2 < 9 ~cM(j%—j%) X cy — c'M\ji— j 2 \ 

The result follows. □ 

Proof of Proposition 1 10. 2\ The result for L = 1 is trivial. The result for L > 2 follows from the result 
for L = 2 and L = 1, so we prove only the result for L = 2. Fix M e N. In Case I, we take M = 1. In 
Case II, we take M = M(N) large to be chosen later. For l e {1, 2}, we apply Proposition 17.71 to write 

(*) = Vl(t) V)’ 

fceFT 

where t e Ni and we are using the dilations e l to define <^ 2 ‘ . Here, using the notation of Proposition 
o we have 

Q,k = 2 8 t"/k,s, 

Sen' 7 ' 

\otfj,\ = M when 
|cn M |=0 when k^= 0 

where, for every Lb N, 

{2 Llj, ~ k hk,s : ji e [0,®)",a e ^ { ^ >0 } n fiU, ji,k e N" 

|a M | = M when ^ 0, = 0 when = 0} (10.14) 

eCnS») 


is a bounded set. 

Define Tj ; fc , for k e N" with fc ji, by 

T Lkf( x ) = V’mO) J/( 7 ti( a; ))V’ 2 ,j( 7 ti(a:))K(^,a;)^(^) 7 ; (2 fc V) dt l . 


We have, 

d ji ~ Zj 

keN" 

k^jl 

and it follows that 

IlfTil rji2 II ^ \ 1 \\rpl rji2 

Irdi ^ Zj Irti.fci i2,fc2 IIl2^l2 • 

fci,fc 2 eN'' 
ki^ji,k 2 ^j 2 


(10.15) 


In Case I, we apply Lemma Tl 0.61 and use (110.141) (with L = 1) to see that (if a > 0 is chosen small 
enough, depending only on the parameterizations), there exists 0 < e ^ i such that 


llT 1 T 2 II < O — I JI — fc ! I — 192—fc 2 1—e| fci —1 Q—(l/2)(|ji —fea| + |j 2 —fe 2 |)—e|ji — J31 

ll J di,fci-'d2,fc 2 ||.L2_ >I 2 ~ z === z 
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Plugging this into (110.151) . we have 


IIt 1 T 2 II < 'V' o — (V 2 )(b’i*' fc 2|+U2—M)— t\h-h\ < o—e| ji— j21 

Irli h\\Li->L 2 ~ Zj z ~ z > 

fcl ,fc 2 GN Zy 


as desired. 

In Case II, we take M = M(TV) large, apply Lemma 140.61 and use (110.141) (with L = TV + 1) to see 
that (if a > 0 is chosen small enough, depending only on the parameterizations), 

llT-il rp2 II <- O — (JV + l)|jl —felj— (JV + l)|j 2 —fe 2 |— iV|fel —fe2| 

l| J jl,fcl J j 2 ,fe 2 lll, 2 - > I ,2 ~ Z 


Plugging this into (110.151) . we have 

WT 1 T 2 II < V ‘}-\ji-ki\-\j2-k 2 \-N\j 1 -j 2 \ < n-N\j 1 -j 2 \ 

W 1 ji 1 h\\L 2 ->L 2 ~ Zj Z ~ z 

fei,fe 2 eN 1 ' 
fei^ii,fe 2 <72 


as desired. □ 

10.2 Application II: Different Geometries 

In this section we present another application of Lemma ll0.ll Here the setting is the same as in Section 
15.11 Fix open sets flo C Q,' (c 0" C C 14 £1 R”. Let v,i> e N, and suppose <S cz r(TT2) x Dp, 
S cz r(TT2) x 0 j> are finite sets. Let v = v + v and define 

5 := { (X, (d 0 P )) : (X, d) G 5} (J { (X, (Op, d)) : (X, d) e 5 } cz r(Tfi) x V 

We separate our assumptions into two cases: 

Case I: £(<S) is finitely generated by some T cz T(TSY) x ([0, oo)^\{0}) on f Y. 

Case II: C(S) is linearly finitely generated by some T cz r(TT2) x t)„ on 12'. 

Let A be a v x v matrix whose entries are all in [0, 00 ]. In both Case I and Case II, we assume 

C(S) A-controls S on ft'. 

We suppose we are given a parameterization ( 7 , e, TV, fl, Q"') with j/-parameter dilations such that 

Case I: ( 7 , e, TV) is finitely generated by T on ft'. 

Case II: ( 7 , e, TV) is linearly finitely generated by JF on f V. 

Fix a > 0 small (how small to be chosen later). For g 6 o5^(K JV ), 77 6 Cq'(B n (a)), j 6 [0, oo) l/ , 
6 Co°(f2o), and k g C°°(B N (a) x ft"), define the operator 

:= tpi(x) J f(j t {x))i> 2 ht{x))n{t,x)^ 2J \t) dt. 

Proposition 10.7. Let B } cz y(R w ), S 2 cz C^S^a)), S 3 c qf (fl 0 ), and S 4 cz C™(B N (a) x Si") be 
bounded sets. For j = (j,j) G [0, cx:)^ x [0, co) 1 ' = [0,ao)", g G >0 } n Si, 77 G S 2 , ipi,ip 2 e S 3 , and 

k G S 4 , define 

t j ■= T j[s,ihi> 1 ,^ 1 , k]. 

Then, there exists a > 0 (depending on fy,e,N)) such that the following holds. 
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In Case I, there exists e > 0 (depending on (j,e,N)) such that 




\\Tj\\ L ^L 2 < C 2 -^ vX ^- x ^, 
where C depends on ( 7 , e, N), B 1, B 2 , B 3 , and £>4. 

• In Case II, for every L, there exists Cl (depending on ( 7 ,e,N) and the sets B\, £> 2 , B 2 , and B 4 ) 
such that 

\\T J \\ L 2 _ L 2 ^C L 2 - L ti' ,x ti)- X G)\. 

In the above, for vectors j, k we have written j v k to denote the coordinatewise maximum. 

The rest of this section is devoted to the proof of Proposition 1 10. 71 The key lies in the next lemma. 
We use some notation from Section [7] For t e S. N , and for 1 ^ p ^ v, we let t^ denote the vector 
consisting of those coordinates tj of t such that # 0. We let N fl denote the dimension of the t^ 

variable and let N = N\ + -h N v . We write a = (cti, £ N ^ 1 x • • • x and define 8 f 

as in Section [3 

Lemma 10.8. There exists a > 0 (depending on (7 ,e,N)) such that the following holds. Let B\ cz 
C(f(B N (a)), B 2 <= Cg°(n 0 ), and B 3 c= C*>(B N (a) x ft") be bounded sets. Fix M £ N and let j £ [0, 00 )". 
Suppose 

? = X! d t ’ 

3<eN n 

|ct M | = M when 
|ct^ |=0 when j^= 0 

where 75 £ B\. Let ipi,ip 2 e £> 2 , and k e B 3 . Define, 

Tjf(x) = ipx(x) J f^t{x)) 3 (t,x)xf 2 {ct{x))<; ( 23 \t) dt. 

Then, 

• In Case /, if M ^ 1, idere exists e > 0 (depending on ( 7 , e, N)) such that 

\\Tj\\ L2 ^ L2 < C2~^ vXCj) - xCj ^, 
where C depends on ( 7 , e,lV), B\, B 2 , and B 3 . 

• In Case II, for every L, there exists a choice of M = M(L) and a constant Cl (depending on 
( , ),e,N), B 1 , £> 2 , and B 3 ) such that 

\\Tj\\ l ^ L 2 < C L 2 - £ Ij v *(j)-*Cj)I. 

Proof. We prove the two cases simultaneously. First notice that the assumption that £(£>) A-controls 
S on ft' can be rephrased in the following way. For 0 # d £ [0, oo) 1 ', define h r j A : [0,1]*' —► [0,1] by 
hg x (2 _J ) = Then we are assume that for each (X,d) £ 5, £(<S) controls (X,hj x ) on Q'ffil 

If in ^ A(j) /t for all p £ {1,..., v], the result it obvious. Thus we assume for some p, j/, — A(j) M > 0 
and we pick p so that — A(j)^ = |j v A(j) — A(i)|oo. Let l = j a A(j) £ [0, go ) 17 (i.e., I is the 
coordinatewise minimum of j and A(j)) and set l = ( j,l ) £ [0, 00 )". Let Z = {2~ ld X : (X,d) £ J-}. 
Because J- satisfies Z satisfies the conditions of Theorem 18.11 uniformly for xq £ ft'. Note that 

Chi)no+i> = ino for 1 < ho < v. 

We decompose t £ into two variables: t = (si, S 2 ). S 2 is the vector consisting of those coordinates 
of t which, when we compute 2 ~H = 2 ~BS)t are multiplied by a power of 2 _ -V, where > A 
si is the vector consisting of the rest of the coordinates. More precisely, S 2 is the vector consisting of 

30 Here we make the convention that oo ■ 0 = oo in the definition of A (j), but oo ■ 0 = 0 in the definition of dot product 

\Q) ■ d. 
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those coordinates t k of t such that e^ 0+l ' # 0, where no is such that j^ > A(j) M o ; and si is the vector 
consisting of the rest of the coordinates-note that n is such a no- We decompose S 2 into two variables: 
S 2 = (s 2 ,ij 52 , 2 )- S 2,2 is the vector consisting of those coordinates of t which, when we compute 2 ~H are 
multiplied by a power of 2 ~^-note that every such coordinate is a coordinate of S 2 . S 2 ,i is the vector 
consisting of the rest of the coordinates of 82 - More precisely, S 2,2 consists of those coordinates tk of t 
such that e£ +1/ # 0; and S 2 ,i consists of the rest of the coordinates of S 2 . 

Set ( = where c = min{ef + " : 1 < l ^ N, ef +u # 0} > 0. Write S 24 = (s^.i, • • • , s 2 ,i) 

and S 22 = (^2 25 • • ■ i s 22 )- The dilations 2 ~H induce dilations in the (si, S 2 ) variables, which we again 
denote by 2 -J ’(si, S 2 ). Using these choices, we may write 


2 j (s 1 ,S 2 ) = 2 '(si, (£l,lS 2 ,l, • • • >£l,iViS 2 p),C(£ 2 ,l s 2 , 2 ! ■ • • ) 


N 2 \ 


where £ 1 , 1 ,...,£i,jvh£ 2 , 1 , • • -,&,n 2 e (0,1] (here, £ fcl ,fc 2 depends on j,j). 

By our hypotheses, 72 is controlled at the unit scale by Z on f V (here, and everywhere else in 
the proof, all such conclusions are uniform in j and j ; see Definition 18.9p . It follows immediately from 
the definitions (see also Proposition 12.7 of IStrl2j ) that 


7 * 1,8 




is controlled at the unit scale by Z on S2'. By our hypotheses, and using the coordinates 51 , 52 , 1 , 52,2 
and the fact that j tl > 0, we have 


8(Sl, S 2 ,l, S 2 ,2) — ^ ^S2,2 < ’“( Sl ’ 524,52,2), 

\a\ = M 


(10.16) 


where {? a } cz C™(B N (a)) is a bounded set (and {q*} denotes the set of all as the various parameters 
in the problem vary). Using the above choices, we have 


Tjf( X ) = Vh ( X ) J / (7*1 ,*2,1 ,CS2,2 ( x ))^2 (7«i ,*2,1 ,C«2,2 ( X )) 

k(si, S 2 ,1, CS2,2, a;)?(si, S 2 ,1, s 2 , 2 ) dsi ds 2 , 1 ds 2 , 2 - 

The goal is to apply Lemma TlOTI to this operator. 

Let s = (si, S 24 , S 2 , 2 ) and define 


(10.17) 


W(s,x) 


d_ 

de 


7es 0 7s \ X )- 

e=l 


and suppose the parameterization ( 7 , e, N) corresponds to the vector field paramaterization (W,e,N). 
Note, we have 

W((si, 0,0), x) = W{2~ l { Sl , 0,0), x). (10.18) 

The ^-parameter dilations ei,..., ejv assign to each multi-index a £ a degree deg(a) £ [0, co) 1 ' 
by Definition 12.21 This induces the same for multi-indicies when we consider (si,S 2 )“: i.e., if we write 
(si,S 2 ) a , then deg(a) is defined to be deg(/3) where (si,S 2 )“ corresponds to under the change of 
coordinates. 

We now separate the proof into the two cases, and we begin with Case I. We wish to show that the 
hypotheses of Case I of Lemma li 0.1 1 hold in this situation, with the above choice of Z. We have already 
seen that Z controls 7 at the unit scale on U', and it is clear from (110.1611 that 2,2 = 0. Decompose 
W(s) as a Taylor series in the s = (si,S 2 ) variable: W(s) ~ XI|a|>o sQ ^"a- Let 


So := {(X a , deg(a)) : deg(a) £ ?>„}. 


Our hypotheses show that C(Sq) is equivalent to J on 11'. Using that Sq = U^efi Lemma 

1 10. 41 shows that there exists L £ N such that Cl^lSo) is equivalent to T on iY. In particular, Cl{(JlSo) 
satisfies 2?(f2'). Let 

Vi := {no + vs {l,...,i/} : 1 < no < v and j Mo > A (j) Mo }, (10.19) 
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and let V2 = {1,..., v}\Pi- Because Cl(ctl(Sq)) is equivalent to T on 17' we have that Cl{ul (So)) is 
equivalent to C(S) on 17'. It follows (by taking = 0 for // £ V\ in the definitions) that 



are equivalent on 17'. Set Si = (Ju'ep, 7 V‘^o- Note that (X, d) £ <Si if and only if X appears as a Taylor 
coefficient in W(si,0, 0) corresponding to a multi-index a with deg(a) = d; and therefore by (110.181) . 
2~ ld X is a Taylor coefficient of W(si,0,0). 

Using the above, we have 

{2 ~ ld X :(X,d)eC L (cr L Si)} 

controls {2~ ld X : (X, d) e T and d ^ = 0, V// e V{\ at the unit scale on 17'. In particular, since for each 
(X,d) £ C(S), {2~ ld X : (X, d) £ T and d^ = 0, V/T £ V\} controls 2~^ d X at the unit scale on 17', we 
have that { 2~ l d X : ( X , d) £ Cl (ctl<Si)} controls 2~° d X at the unit scale on 17'. 

If 1 < fi,' < v is such that j fl > < then \C + v £ V-i- Thus, for such a [i !, if (X, d) £ S has 

d nonzero in only the // coordinate, since T controls C(S) on 17', it follows that Cl (clSi) controls 
(X, (0 o 7 d)) on 17', and therefore, {2~ l d X : (X, d) £ Cl (o\l<Si)} controls 2~C d X = 2~0 AX 0))- d X at the 
unit scale on 17'. 

By the hypothesis that for each (X',d) £ S, (X,dj A ) is controlled by C(S) on 17', it follows that 
{2~ l d X : (X, d) £ Cl controls 2~ x ^' d X at the unit scale on 17'. Hence, if d is nonzero in only 

the [i! coordinate for some // with j^ > A(j) M q then {2~ l d X : (X, d) £ Cl controls 2~ x ^' d x = 

2~0 AX 0))- d x at the unit scale on 17'. 

Combining the above three paragraphs (and using that for each (X, d) £ S, d is nonzero in only one 
component) shows that for all (Xo, do) e S, 

{2~ l d X : (X, d) £ C L [olSi)} 

controls 2~ l ' d °X 0 at the unit scale on 17'. By taking commutators of this, we see for every (Xo, do) £ C(S), 
there exists L' = L'(Xo,do) such that 

{2 _/ d X : (X, d) £ Cl' (<7 L 5r)} 

controls 2~ ld °Xo at the unit scale on 17'. Since C(S) controls JF on 17', we see that for every (X'o, do) £ J 7 , 
there exists L" = L"(Xo,do) such that 

{2~ l d X : (X,d) e C L>> (a L Si)} 

controls 2~ l d °Xo at the unit scale on 17'. Set L'" = max{L"(Xo, do) : (Xo,do) £ X). We therefore have 
for all (X 0 , do) £ X, 

{2~ l d X : (X, d) £ C L "' (ctl5i)} 

controls 2~ l ' d °Xo at the unit scale on 17'. This is the same as saying for all Zq £ Z, 

{2 ~ l d X : (X,d) e C L «' (ctlSJ} 


controls Zq at the unit scale on 17'. 

Because for every (X,d) £ <Si, X appears as a Taylor coefficient of W(si,0,0) corresponding to 
a multi-index a with deg(a) = d (and therefore by (110.181) . 2~ l d X appears as a Taylor coefficient of 
W(si,0,0)), this shows that the hypotheses of Case I of Lemma 1 10. II hold when applied to the operator 
(110.171) . It follows that there exists e, e',e" > 0 with 

||2v|| L 2 < C ~ = 2- e '|ivA(j)-A(j)| Q0 < 2 —£,, b v A(j)—A(j)| ^ 

as desired, completing the proof in Case I. 
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We now turn to Case II. We wish to shows that the hypotheses of Case II of Lemma H 0.1 1 hold when 
applied to the operator (110.171) . with the above choice of Z. We have already seen that Z controls 7 at 
the unit scale on f 2 ', and it is clear from ( 110 .l(il) that 

c(si, S2,i, ^2,2) = ^ <?“ ^(si, S2,i, $2,2), 

\ot\=M 

where <; a G Cq{B n (a)) ranges over a bounded set as the various parameters of the problem vary. As 
before, decompose W(s) into a Taylor series W(s) ~ 2| a |>o sa ^cn an d now let 

5 0 := {(X Q , deg(a)) : deg(a) G ?)„ and \a\ = 1}. 

Our hypotheses show that So and F are equivalent on O'. Define V\ as in (110.191) and let V 2 = 
{ 1 , ..., v}\Pi as before. Set Si = (J , e7 , 2 Note, (X, d) e <Si if and only if X appears as a 

Taylor coefficient of W(si,0,0) corresponding to a multi-index a with |a| = 1 and deg(a) = d e h„. 
Using (110.181) . we see that if (X, d) G Si, then 2~ ld X appears as a Taylor coefficient of W(si,0, 0) 
corresponding to a multi-index a with a = 1. 

Recall, by the hypothesis that ( 7 , e, N) is linearly finitely generated by F, we have F c T(TT2) x 0 „. 
Let (Xo, do) G F. We know that do G D„, i.e. do is nonzero in precisely one component. Suppose ji' e V 2 , 
and do,^' F 0. Using the fact that So controls F on O', we have Si controls (X 0 , do) on U', and therefore 
{2~ ld X : ( X , d) G Si} controls 2~ l d °Xo at the unit scale on D'. 

Because So is equivalent to F on Q! and F controls S on fl 1 , we have for each (X,d) G S, 2~^' d X 
is controlled by {2~ l ' d X : (X, d) e So} at the unit scale on IT. Because {1,..., i>) <= "P 2 , it follows that 
2~i' d X is controlled by {2~ l d X : (X, d) e Si} at the unit scale on Q'. Since So is equivalent to F on U', 

50 satisfies (D(fi'). By taking <5 so that = 0 for all // 6 V\ in the definition of T>({Y), it follows that 

51 satisfies (D(H'). Hence, for each (X,d) e C(S), we have 2~ d ' d X is controlled by {2~ ld X : (X,d) e Si} 
at the unit scale on Cl'. Let (X, d) e S, and suppose d^ # 0 with jj + u e V\ (because S c: T(TU) x Op, 
d is nonzero in precisely one component). By hypothesis, £(S) controls (X,dj A ) on Cl'; therefore, 

2 -Kh- d x = 2-CFH~j))- d x is controlled by {2~ l d X : (X,d) G Si} at the unit scale on Cl’. 

Let (Xo,do) G F with do nonzero in only the \j! component, where jZ G V\. Because C(S) controls 
F on Cl', (X 0 ,do) is controlled by £( 7 iyS). For each (Xi,di) G 7 lyS, 2~ l dl Xi = 2~ x ^' d X for some 
X e S. Thus, applying the conclusion of the previous paragraph and using that Si satisfies V(Cl'), we 
have 2~ l ' d °Xo is controlled by {2~ l d X : (X, d) e Si} at the unit scale on Cl'. 

Combining the above, we see that for any (Xo, do) G F, 2~ l d °Xo is controlled by {2~ l d X : (X, d) G 
Si} at the unit scale on Cl'. This is the same as saying for all Zq g Z, Z is controlled by {2~ l d X : 
(X, d) G Si} at the unit scale on Cl'. Since for each (X, d) G Si, 2~ l d X appears as a Taylor coefficient of 
IU(si,0,0) corresponding to a multi-index a with |a| = 1, this shows that the hypotheses of Case II of 
Lemma TlO.II hold when applied to the operator (110.171) . Thus, we have for some c, c! > 0 (independent 
of any relevant parameters), 

||7}|| L 2 L 2 ^ £ m / 2 < 2 _cM (-U _A (iU) < 2~ c 'M\jv A(j)— a(j)|^ 

The result follows. □ 

Proof of Proposition [7d77[ Fix M G N. In Case I, we take M = 1. In Case II, we take M = M(L) large 
to be chosen later. We apply Proposition 17.71 to write 

r](t)^ 23 \t) = r](t) Y, 4 2 \ t )- 
k^j 
ke N" 

Here, using the notation of Proposition 17. 71 we have 

ft = Y d tlk,B, 

Be 

| otfx\=M when 
|q m |=0 when 0 
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where for every M' e N, 


{2 M ' |j '" fc| 7 k,s ■ 3 e [0, a)f 1? e J^ >0} n Bp V e B 2 , fc < j, fc e N", 

|a M | = M when k^ ^ 0, |a M | = 0 when k M = 0} (10.20) 

<= Co° (B N ( a )) 


is a bounded set. 

Define Tj^ for k e with k < j by 


Tj,kf{x) = i/>i(x) J fht{x))i>2{'jt{x))K{t,x)'n(t)^ k 2 \t) dt. 


We have, 

Tj = Yt T i,k, 

k€ JT 
k^j 

and it follows that 

WTAl^l’ < X K'.fell.L 2 ->L 2 • (10.21) 

fee N" 
k^j 

In Case I, we apply Lemma 110.81 and use (110.201) to see that (if a > 0 is chosen small enough, 
depending only on the parameterization), there exists 0 < e < 1 such that for any M'. 

\\rp || < n-M'\j-k\-e\kv\(k)-\(k)\ 

IP J,fell L 2 ^L 2 Z 

Taking M’ = M'( A) sufficiently large, we have, 


\\Tj, k \\ L ^ L z < 2-l*'- fc l- £ 0 vA tf>- A 0)l. 

Plugging this into (110.211) . we have 

11^1^2 i2 < ^ 2“l J '- fc l- e l3 vA (3)-'Mj)l < 2 _e l :,vA ^) _A ^)l, 

feeN" 

k^j 


as desired. 

In Case II, we take M = M(L) large, apply Lemma 110.81 and use (110.201) to see that (if a > 0 is 
chosen small enough, depending only on the parameterization), we have for any M' e N, 

11 Tj fc11^ 2 L 2 < 2 -M, b'- fc l- L l* :vA (£)- A (£)l 

Taking M' = M'(X,L ) sufficiently large, we have 

\\T- , I! < 9-\i- k \~ L \o vX U)-Hj)\ 

II - 1 3M\l 2 ^L 2 ~ z 

Plugging this into (110.211) , we have 


vii < V 2 - b-fe|--fe|JvA(5')-A(j)| < 2- L b' vA (j)- A (3')l 

3 IIL 2 —>Z/ 2 ~ / j ~ 

keN u 

k^j 


as desired. 


□ 
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11 Proofs: The maximal function 

A key tool in the proofs that follow is the maximal function corresponding to a finitely generated 
parameterization. This was studied in |SS13j and we present those results here. Fix open sets S2 0 C 
ST (c ST" (c SI c R". Let ( 7 , e,-ZV, SI, ST") be a parameterization, with ^-parameter dilations 0 # 
e\ ,..., ejy £ [0, 00 )". For a > 0 a small number, and if\,if 2 £ Cg°(fio) with Vd, V >2 > 0, define 

■>/,!,Tl> 2 f{%) = sup V’lW l/(7<5t(a ; ))l'02(7<5i(2O) dt. 

<5e[0,l] 1 ' J|t|<a 

Theorem 11.1. If ( 7 , e, iV) is finitely generated on ST, f/iere exists a > 0 (depending on the parame¬ 
terization ( 7 , e, AT) ) such that for 1 < p < go, 

|-M(7,e,A0,i/'i,b2/|£p ~ II/IIlp i 

where the implicit constant depends on p, the parameterization, and the choice of if\ and if 2 ■ 

Proof. This follows from Theorem 5.4 of ISS131 . □ 

The maximal function often arises via the following proposition. 

Proposition 11.2. Let a > 0 be as in the definition of the maximal function. Let B\ c y(R w ), 
B 2 c Cff(B N {a)), B 3 c C^(B n { S2 0 )), and B A c C co (B N (a) x SI") be bounded sets. For each c e B 1} 
77 6 B- 2 , ifi, ^2 £ B 3 , k g £>4, and j e [0, 00 )" define 

Tj[<;,V,i>i,^ 2 ,K]f{x) := ifi{x) j /( 7 < (a;))V’ 2 ( 7 t( 2 ; ))K(t I a;) ? 7 (t)c ( 2 ' ) (t) dt. 

Then, there exists C = C{B\, B 2 , B 3 , £>4, e, N) and if\,if 2 £ Co°(^o) (^ 1^2 depending only on B 3 ) such 
that 

\T j [g,V,i’i,i’ 2 ,K]f(x)\ < ,^\f\{x). 

Proof. Because B 3 c C(f(B n (Ll 0 )) is bounded, if we define 

K := (J supp(V>), 

'IpElS 3 

then I\ C STj- Let if 1 , if 2 £ Cq°(S1o) be such that if[,if 2 S 5 0; and VI > ^2 = 1 on K- For g £ B±, rj e B 2 , 
and j G [0, 00 )", we apply Lemma 17.61 to write 

r]{t)g (2J) (t) = Y, ^) 4 2 
k^j 
ke N v 

where 

{2 |j '" fc| ft : je c C 0 °°(B w (a)) (11.1) 

is bounded. 

For k G N", k < j, define T Jifc = T jtk [<;, 77 , if i,if 2 , k] by 

T j,kf{x) = if i(x) J f(Tt(x))if 2 (Tt(x))K(t,x)<;^ \t) dt 

so that 

^•[c,r?,^i,^2,K] = J] T jA- ( n - 2 ) 

k^j 
ke N u 
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We have 


\ T j,kf{x)\ \^i(x)\ J \f(j 2 - k t( x ))' l p 2 {'l 2 - k t { x )) K (2 k t,x)<; k (t)\ dt 
f \f{l2-H{x))\ip' 2 {^2-H{x)) kfe(t)| dt 

J\t\<a 

<2~^M h , e)N) ^ 2 \f\(x), 


where in the last line we used (111.11) . Plugging this into (111.21) . we have 


k^j 
ke N u 


as desired, completing the proof. 


□ 


12 Proofs: A single parameter Littlewood-Paley theory 

Fix open sets flo €; D' (<= 12'" <£ LI. Suppose T a r(Tfl) x (0, co) is a finite set satisfying T>{LV). 
Enumerate T\ 

T={(X 1 ,d 1 ),...,(X q ,d q )}. 

On R 9 define single parameter dilations by, for <5 e [0, oo): 

S(ti,... ,t q ) = (S dl t i,.. .,5 dl t q ). 

We denote these single parameter dilations by d. Define 

7 t (x) := e tlXl+ ' +tqXq x, 
so that ( 7 , d, q , LI, f l"') is a parameterization. 


Proposition 12.1. There exists a > 0, depending on (7 ,d,q), such that the following holds. Let 
® = 0 -,{‘l,d,q,Ll,Ll"'),a,ri, hjbeN, ip) be Sobolev data on LI', and let {e^heN be a sequence of i.i.d. 
random variables of mean 0 taking values +1. For j e N let Dj = DjffD) be given by (15.11) . Then, for 
l <p < co, 

\ i 
P \ p 


I/I 


Lp 


E \°ift 


E 


Lp 


E 0^7 


, /eC 0 °°(D 0). 


Lp ) 


Here, the implicit constants depend on p e (l,oo) and 2), and E denotes the expectation with respect to 
the (suppressed) variable with respect to which ej is a random variable. 

Proof. This is exactly the statement of Corollary 2.15.54 of |Strl4l . and we refer the reader there for 
the full details. We make a few comments on the proof here. The estimate 


E 1 


E 


Lp 


E o D ,7 

jeN 


LP / 


is an immediate consequence of the Khintchine inequality. 

In the case that Xi,, X q span the tangent space at every point, to prove 


E 


E 

je N 


< 


II LP > 


Lp t 
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one shows the (a priori stronger) estimate 


sup 

€jG{±1 } 


E e i D if 

je N 


~ ll/ll LP 


by showing that J] - eN e j^j a C alder on-Zygmund operator, uniformly in the choice of sequence ej, so 
that the estimate follows from classical theorems. When X ±,..., X q do not span the tangent space one 
wishes to use the Frobenius theorem to foliate the ambient space into leaves; and apply the above idea 
to each leaf. This can be achieved using Theorem 18.11 
Finally, the estimate 

\\f\\ L p Z 

follows from the above and a Calderon reproducing type formula (which can be proved using the above 
estimates and an almost orthogonality argument). We refer the reader to |Strl4| for all the details. □ 



13 Proofs: Non-isotropic Sobolev spaces 


In this section, we prove the results from Section [5] For this, we use vector valued L p spaces. For 
1 ^ p < oo, 1 < g < oo, we define the space L p (£ 9 (N")) to be the Banach space consisting of sequences 
of measurable functions {/, (aOljerr , fj '■ R" —► C, with the norm: 




LP (£1 (N")) 


(XqeN- \fj( x )\ q ) q 
sup jeN , \fj{x)\\\ LP , 


if ge [l,oo), 
if q = oo. 


In the proofs that follow, we use the following convention. If X), j e N" is a sequence of operators, 
then, for j e Z^N" we define Tj = 0. Let Ho C i f V" g H c R n be open sets. We need the next 
result concerning vector valued operators. 

Proposition 13.1. Suppose ( 7 1 , e 1 , Ni, II, 11"'),..., ( 7 ^, e K , Nk , fi, £1"') be K parameterizations, each 
with v-parameter dilations 0 / e \,..., e l Nl s [0, oo) 1 '. We separate our assumptions into two cases: 

Case I There exists a finite set F ci r(Tfl) x ([0, oo) y \{0}) such that 

( 7 1 ,e 1 ,IVi),..., (7 K ,e K ,N K ) 


are all finitely generated by F on ft'. 


Case II There exists a finite set F cz F(TQ) x Oj, such that 


( 7 1 ,e 1 ,IVi),..., (7 K ,e K ,N K ) 


are all linearly finitely generated by F on fl'. 

Then, there exists a > 0 (depending on the parameterizations) such that the following holds. For each 
l e {1,..., K}, let B[ c= y(R Nl ), B l 2 c= C(°{B N ‘(a)), B\ c= Cg°(n 0 ), and B\ c= C™{B N '{a) x II") be 
bounded sets. For each j\, . ..,jx e [0, 00 )", let e y^-.j, M >o} n B[, Vi,ji e V'l ,i,ji > ^2 ,i,j l £ B l 3 , and 

Kij t e B\. Define an operator Tj ; by 

T l jJ(x) := dfl ■ 

For k 2 , • ■ ■, kx £ Z" define a vector valued operator by 

7~k2,-,k K {fj}jeW' := {Tj Tj +k2 Tj +ks ■ ■ - Tj +kK fj}. mu , 
where for ji e Tj ; = 0, by convention. Then, for 1 < p < co, we have the following. 
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• In Case I, there exists e p > 0 (depending on p and the parameterizations) such that 

1177 , ii < c 9- e p(l fc 2H— Hfcjci) mil 

II / fc2,---,feArllLP(^ 2 (N t '))^LP(£ 2 (N t/ )) 55 U P Z > l 10 - 1 ; 

where C p depends on p, the above parameterizations, and the sets B[, B l 2 , B l 3 , and B l 4 . 

• In Case II, for every L, there exists C p ,l (depending on p, L, the above parameterizations, and 
the sets B[, B l 2 , B l 3 , and B l 4 ) such that 

\Tk 2 ,...,k K IIlp(« 2 (n ,/ ))_»lp(^ 2 (n'")) ^ C Pi l 2 L (\ k2 \ + (13.2) 


The above results hold even when K = 1. When K = 1 one takes, by convention, \k 2 \ + • • • + \kx\ = 0. 

Proof. Applying Proposition 110.21 and using that |fc 2 1 + • • • + \kx\ ^ diam {j,j + k 2 ,...,j + kK}, we 
have: 


• In Case I, there exists 62 > 0 such that 

\\rplrp2 rp3 rpK II 0“ £2 (| fc2 | H-H | fc_F£T |) 

In j - I J+fe2- t J+fe3 J -j+k K \\l 2 ->l 2 ~ z 

• In Case II, for every L , there exists a constant Cl such that 


lrji2 rj, 3 rjiK || ^ 2 ~ ^ (II H-H^ifl) 


II rp\_rpz rp£> rpl 

In j 1 j + k 2 1 j + k 3 ' ' ' 1 j + k K II l 2 ->L 2 


(13.3) 


(13.4) 


In Case II, fix L e N. Applying (113.31) (in Case I) and (113.41) (in Case II) and interchanging the norms, 
we have 

' 2 -^(|fcd+-+l k K \) ^ Case I, 


\\Tk, 


2,-.kK\\L 2 (e 2 (Nn)^L 2 (P(nn) ~ ) 2 -i(|fc 2 |+-+|fc*r|) in Case II. 


(13.5) 


We also have the trivial inequality m ^/+k 2 ^/+fc 3 • • • T^ +kR 


\\% 2 ,...,k K IIl 1 (^ 1 (N 1 '))—►L 1 (^ 1 (N 1/ )) 


L 1 —>17 

< I- 


< 1 , from which it follows that 

(13.6) 


Interpolating (113.51) and (113.61) we see for 1 < p < 2, 


J 2 -( 2 -!h 2 (|fc 2 |+-+|fcid) in Case I, 

\\ik 2 ,...,k K \\ L P(eP^))^LP(ep(n-)) ~ 1 2 -(2-§)L(|fc 2 |+-+|M) in Ca se II. 

We claim, for 1 < p < oo, 


(13.7) 


\\Tk 2 ,...,k K IIlp(^=o(n>'))^lp(^<»(n 1 ')) ~ 1 ’ ( 13 . 8 ) 

with implicit constant depending onp. Applying Proposition lll.2l to find i/j[ ; , ip 2 i e Co°(^o)i 1 < l < K 
(depending only on S 3 ) such that 


Hence, we have for 1 < p < co, 


C) 


SU P ri T j + k 2 ' ■ ' T j+k K fj 
j 


\\Tk 2 „. ■ ,k K {fj}jsN v \\LP(e 

-^(7 1 ,e 1 ,iVi),'0i 1 ,i/>2 1 A4 ( 7 k t e K k P 2 k SU P I/? 

3 


< 


< 


LP 


LP 


sup|/j 

3 


LP 


where in the last inequality we have applied Theorem lll.il (113.81) follows. 
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Interpolating (113.711 and (113.811 shows for 1 < p =% 2, 

j 2 -(P- 1 ) e 2 (IM+"'+l fc *l) i n Case I, 

Vk2,...,k K \\ L P^(N-))^LP^(N‘')) ~ 1 2 -(p- l)L(|fe 2 | + ...+|fc Jr |) in Case n 

Because L e N was arbitrary, this completes the proof for 1 < p ^ 2. 

Fix 2 ^ p < oo. For this choice of p, we wish to prove (113.11) in Case I, and (113.21) in Case II. Let 
| + | = 1. The dual of L v (^ 2 (N y )) is L q (^(N 1 ')). Let T* 2 kK denote the adjoint of Tk 2 ,...,k K i and 
define 

Kfe.: {(2f )* { T HklY • • • (/:;./.„)* /,} • 

l v ' 1 jeN" 

Proposition 19.31 combined with Proposition 19. 1 1 shows that TZk 2 ,...,k K is of the same form as Tk 2 ,...,k K and 
by applying the result for q (which we have already proved since 1 < q ^ 2), we have in Case I there 
exists e p > 0, and in Case II for all L e N, 


j 2 -*p( |fc|+-+|k*-|) in Case I, 
ll^fc 2 ,... I fc K || i 9 (£ 2 (N , )) ^ i 9 ( ^ 2 (N , )) < 1 2 - i( |fe 2 | + ... + |fe K | ) ^ Cage IL 


Consider, (using the convention that fj = 0 for j e 

Vk 2 ,...,k K ^o}i^ v | 

(T« +kK y (Tf+kl^y ■■■{ThkS (Ttffj 




L*(i 2 (N")) 


{(If)* (if • • • (T? +fca _ fc J* (if fc J* } 

V v 7 J jeN" 


L q(^ 2 ( N 1 /)) 


— kK ,kj<-2 — kK,---,k 2 — kK, — kK {fj— kK lleN" 
2 -e p( \k K _,-k K \ + -+\k 2 -k K \ + \k K \) |{/ j }^ N „| w( ^ 2(N „ )) in Case I, 

2 -L(\k K ^-kK\+-+\k 2 -k K \ + \k K \) ||{/ J .} jW || L5(f2(N „ )) in Case II. 


< 


< 


' 2 -e p /2(|fc 2 | + ...+ |M) ||{/,} jW || T „,«^ in Case I, 


2 -L/2(|fc 2 | + -+|fc K |) ||{/ J -} J - gNl y 


llL«(^ 2 (N^)) 
L4(t?{ N")) 


in Case II. 


Hence, 


Therefore, 


,, ,, < | 2 -€p/2(|fe 2 |+-+|feif|) in Case I, 

\\'k 2 ,...,kK\\L4(i2(w))^Li(P(n")) ~ ] 2 -i/ 2 (|fe 2 |+...+|fcK-|) in Cage IL 


| 2 -W 2 (IM+-+I**j) in Case I, 
Vk 2 ,...,k K \\ L p {e 2 {w)) ^ L p(P(w)) ~ 1 2 -L/2(|fc 2 |+-+|fc K |) in Case n 


as desired, completing the proof. 


(13.9) 


□ 


Lemma 13 . 2 . Let 55 = (v, ( 7 , e, TV, H, f 2 "'), a, ij, VO be Sobolev data on LI' . Define Dj = Dj(D) 

by (ED- VFe separate our assumptions into two cases: 

Case I 0 is finitely generated on LV. 

Case II T> is linearly finitely generated on LV. 

Then, if a > 0 is sufficiently small (depending on ( 7 , e, N)), we have for 1 < p < 00 , 
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• In Case I, there exists e = e{p, ( 7 ,e,N)) > 0 and A = A(T),p) such that for all 6 e W, So £ M 
with |<5|, <5o < e, we have for f £ Cg°(f2o), 


x 


X \2 j - s+ 5 °WDjD j+k f 


^ ^ II/IInlj (s) 


(13.10) 


LP 


In Case II, for every 5 e R*', e R, there exists A = A(fD,p, S , <5q) such that for f e 


X 


X \v- s+s °WDjD j+k f 


^ ^ II/IInlj (s) ■ 


(13.11) 


LP 


Proof. First we prove the result in Case I, then we indicate the modifications necessary to prove the 
result in Case II. Let p £ (1, oo). We define two families vector valued operators: for ki, ki £ Z" define 

^•fci,fc 2 {/i}ieN’ / := {DjDj+k 1 Djj r k 2 fj}jBfi , 'i := {DjDj+k 1 fj}jeW / - 

Case I of Proposition 113.11 shows that there exists e p > 0 with 


ill? 1 II < o-e p (|fci| + |fc2|) 

| /v fci,fc2 IIlp(^ 2 (N 1 '))—>Lp(^ 2 (N 1 ')) ~ ’ 


Ti¬ 


ki I1lp(£ 2 (N‘'))-»Lp(* 2 (N 1 ')) 


< 2 € pl^iI 


(13.12) 


Here we have replaced Ho in Proposition 113. II with a larger open set Hg (c Cl' so that supp {ip) C Hq. 

We prove (113.101) for 5 £ R", do £ M with |d| < e p /8 and So < e p / 4; and the result will follow. In 
fact, we prove the result for do = e p /4 and |d| < e p / 8 , as then the result follows for all smaller do as well. 
Thus, for the rest of the proof of Case I, take do = e p /4 and |d| ^ e p / 8 . 

Fix Me N to be chosen later^ Consider, for / £ (7®(Ho), using that ipf = f and D, = ip 2 , 

X h rS+(ep/4)lkl D s D ]+k fA 


X 

fee Z" 

= x 

fee Z 1 

- x 


X |2 J ' 5+(ep/4)|fc| ^-L> J+fc ^ 4 / 


LP 

2 \ 


LP 


X 


X 2r 


<5+(e p /4)|fci| 


DjDj+k i Dj + k 2 Dj + k 3 f 


fcieZ 1 ' Wei 

^ A^A^eZ" 


V/ 

( X 2 J -' s+(e 

”/ 4 )l fel l DjD 

ki ,k2 ,k3E7j u 

Vie N- 


ii 

M 

+ 

M 

+ 

X 

k\ ,k 2 5 AigGZ 

Aii M ,Ai3eZ 

Aii ,Ai2 ,k3EZ u 

\k 3 \^M 

|fc 3 |>M 

\k 3 \>M 


|fc 2 |>|fc 3 |/2 

|fc 3 |>2|fc 2 1 


LP 


LP 


Set 


Tt 


_o — fc3'<5+(£p/4)|fci|-jjl -7"2 _o — <5+(ej,/4)|fei| — (e p /4)|fe 3 — fc 2 12 

• ^ hr, i * h-, hr, hr, • " '^'h-, ■ 


'ki,k2,ks • ^ /V fci,fe2’ k\ ,/C2 5^3 

We begin with (J). Using (113.12p . we have 

II 7" 1 II _ 9 —^: 3 -(5+ (e p /4)|fci| II 

II 'fci,fc2,fc3llLP(£ 2 (N , '))->LP(£2(N‘')) II k i, k 2\\LP(i 2 {N l '))^LP(e 2 (N'')) 

< 2 —fc 3 <5+(e P /4)|fciI — e P (|fei| + |fc 2 1) ^ 2l fca l1 5 1 — ( 3 / 4 ) e P(I fel I +1 fc 21) 


31 In the following inequalities A < B means A < CB where C is allowed to depend on p and X), but not on M or the 
function / under consideration. 
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Thus, 


CO- E 


^ 1)^2 ik 3 £’ffj l> 

\k 3 \^M 


E | 2 j.5+ (ep /4)|fe 1 | D ,£, i+fciD . +k2 Dj+k3 f 


LP 


S «** {2 (j+ '“ H -D j «,/} 


fcl,/c 2 ,fc 3 eZ" 

|fe 3 |=SM 


LP^N")) 


< 


2 2l fc3 1l 5 l—( 3 / 4 ) e p(l fci |-H|fc 2 1) ||{2-J- 5 D j -/} jW | 


k 3 ,k 2 ,k 3 Eh u 

\k a \^M 


Lp(e 2 ( N")) 


^ 2 ^' m ||/|! nl?(X)) . 


We now turn to (//). For (//), we restrict attention to |/c 2 1 ^ 1 ^ 31 / 2 . With this restriction, (113.121) 
shows 


II7" 1 || < o — fc 3 -5+(e p /4)|fci|—ep(|fci| + |fc 2 |) 

II / fci,fc2,fc 3 llLP(£2(N‘'))^L»>(t 2 (N 1/ )) ~ 

<g 2l^ 3 ll^l"*"( e p/ 4 h^ 1 1 —e pl^ 1 1 — ( e p/ 4 )l^2 l — ( 3e p/ 8 )l^3l <g 2 _ ( C p/ 4 )(l fcl l + l fe 2l + l fe 3l) ; 


where in the last line we have used |<5| ^ e p / 8 . Thus, 


(") - E 


ki ,k2,k 3 eZj u 
\k 3 \>M 
\k 2 \^\k 3 \/2 


E 2 i- s+ < e * / W kl 'DjD j+kl D j+k 2 D j+k3 f 


Lp 


E 


ki ,k2,k 3 eZ u 
\k 3 \>M 
Ifeal^lfcs |/2 


T 1 

'fci,fc 2 ,fc 3 


+W iw} jaf . 


LP(£ 2 ( N-)) 


< 


^ 2 — ( ep / 4 ) d fcl 1 + l fc 2 1+ l fc 3 I) \\{2 j - 5 Djf} j<EN v\ 


ki ,k 2 ,k 3 E7, u 
\k 3 \>M 
| fea |>| fc 3 |/2 


LP^N”)) 


~ II/InlJ(S>) • 

We turn to ( III ). For (III) we restrict attention to |^ 3 1 > 2|fc 2 |. With this restriction, (113.121) shows 
(using |£| < e p / 8 ) 


||-t- 2 I] < Q-fc 2 -<5+(e p /4)|fci|-(e p /4)|fc 3 -fc 2 |—£ p |fci| 

II k\,k 2l k 3 lll / P(^ 2 (N l/ ))—»LP(t 2 (NP)) ~ 

^ 2l fc 2||5|-( 3 e P / 4 )|fci|-(e p /8)|fc 3 | ^ 2Fp/ 16 )l fc 3|-(3e P /4)|fci|-(e P /8)|fc 3 | 

■g; 2 — (3 e p/ 4 )|fci | —(e P / 16 )|fc 3 | <g 2~( e p/ 64 )d fcl l + l fc2 l+l ,C3 l). 
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Thus, 


{in) = z 


ki .fca.fcseZ*' 
|fc 3 |>M 
|fc3l>2|fc 2 | 


Z 1 2- 7 ' 15 " 1 " (ep/4) 1 fel 1 Dj Dj + k 1 Dj + k 2 Dj + k 3 f 


z 


fcl ,k2 ,k 3 eZ U 
\k 3 \>M 
|fe 3 |>2|fe 2 | 
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k 1 ,k 2 ,k 3 


+ k 2 )-S+{e p /i)\k 3 -k 2 \jj jj 


j+k 2 Uj+k 3 


/} 

1 jeN" 


LP 


LP(^ 2 ( N")) 


< ^ 2 _ S(l fcl l+l fc2 l+l fc3 l) f ^ |2Cj+ fe2 )- <5 +( e p/ 4 )l fc 3—fe 2 l/ 

ki,k 2 ,k 3 el . 1 ' VjeNP 

\k 3 \>M 
\k 3 \>2\k 2 \ 


LP 


< 


Z 2 


-*([kl| + IM + IM) 


ki ,k2,k 3 e Z" 
\k 3 \>M 
|fc 3 |>2|fe 2 | 


Z \v 5H€ * mk3 - k ^D 3 D J+k3 _ k2 f 


Lp 


< 


Z 2 


-S(|fcl| + I*3|) 


ki ,k2,k 3 eZ t/ 

\k 3 \>M 




\jeN u 


Lp 


^ ? 2 
ki ,k' 2 ,k 3 EZ u 

\k 3 \>M 


< 2“ Mc p/( 64i/ ) ^ 
k' 0 eZ u 


-S(|fcl| + I*3|) 


Z \y' S+(ep/4)lk ' 2l DjDj+Kf\ 

Kje N" 


Lp 


Z |2^ +(e * /4)|fc ^,^- +fc '/ 


LP 


where in the second to last line we have set k ' 2 = in the summation in & 2 , and in the last line 

we have summed in k\, k% using the restriction |fc 31 > M. 

Combining the above estimates, we have that there exists a constant C which is independent of / 
and M such that 


z 

fee Z" 


Z \v s+SoW D 3 D 3+k f 


= (!) + (II) + (III) 


LP 


< 


C2^ M ||/|| nl p (2)) + C2~ M ^^ E 

fceZ" 

Taking M so large C 2 - Me pA 64 C <g i we have 


E I 2 Is+^DjDj+kf 


LP 


z 


E | 2 ^ +5 ° |fc| 


< 


2C'2 i/ I' 5 I m ll/ll 


nl?(S) ■ 


LP 


This completes the proof in Case I. 

We now turn to Case II. In the proof in Case I, we proved the result for |<5| < e p /8 and <5 0 < e p / 4, 
where e p was chosen so that (113.1211 held. In Case II, Case II of Proposition 113.11 shows that (113.121) 
holds for all e p e (0, 00 ). Thus, the same proof applies to show that (113.111) holds for all <5 e M", <5o e R, 
as desired. □ 
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Proof of Theorem 1 5. 31 First we prove the result for Case I, then we indicate the modifications necessary 
to prove the result in Case II. Let p G (1, oo), and let 9 and 9 be as in the statement of the theorem. 

For j e N" define Dj = Dj(fD) and D :j = Dj( 9) by (15.11) . Our goal is to show that there is an 
e = e(p, ( 7 , e, N), ( 7 , e, TV)) > 0 such that for 6 6 R" with |5| < e, 

II/IInlJ(X)) ^ II/IInlJ(S) > f 6 ^0°(^o)- 

Because the problem is symmetric in 9 and 9 it suffices to show that there exists e = e(p, ( 7 , e, TV), ( 7 , e, TV)) > 
0 such that for 5 e KC with |<5| < e, 


~ II/IInlJ(S) > / e Co°(^o)- 

For k\ sZ", we define a vector valued operator 

'R'l 1 {fj}jeN" ■= {DjDj+kJj}^. 

Case I of Proposition 113. II and Lemma H 3 .2 1 show that there exists e p > 0 such thatf^l 


n. 


fei llLP(f 2 (N"))^.LP(f 2 (N‘')) 


< 2 p 


—e p |fei| 


(13.13) 


and if |<5|, Sq < 


-pi 


z 


2 

VjeN 1 ' 


^ A II/IInlj( 23)i /e^W- 


(13.14) 


LP 


We prove the result for |<5| ^ e p /4. 

We have, for / e Cq^IIo), using that / = if 2 f and the convention that Dk = 0 for k e Z^'iN 1 ', 


IInlJ(S) /IInlJ(O) 


z 


Z 1 2 j - s Dj^f 


LP 


Z 2jS DjD j+kl D j+k J 

ki ,k2E% u 

Z I 2 rS DjD 3+kl D J+k2 f 

Vie N" 

= Z + Z =--w + m 

ki,k2E% 1/ k\,k2E7j L ' 

|fci|S=|fea|/2 |fc 2 |>2|fc 1 | 


< z 

ki,k2EZ u 


Lp 


LP 


We begin by bounding (/). For ki,k 2 G Z", let 7^ := 2 fc 2 ' 5 7?.^ i . For |fci| ^ lfel/2, we have by 
(113.131) and the fact that |<5| < e p / 4, 


Il'T'l II _ n-k 2 -S ||tj1 || 

II 'fci IIlp(£ 2 (N'"))-^Lp(^ 2 (N^)) II lliP(^2(N>'))^LP(^2(N>')) 

< 2 — fe2 -<5— ep I fcl | < p2| fci 11<5| —e p |fci | < t^ki |e p /2-e p |fci | < 2~ e p|fci|/ 2 


(13.15) 


32 As in the proof of Lemma 113.21 we have replaced f2o in our application of Proposition 113.H with a larger open set 
V2 q (c [V. so that Proposition 113.fl applies to TV.) | . 
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Using (113.1511 . we have 


m- 2 


k\ ,k 2 EZ u 
\k!\^\k 2 \/2 


E |2 ^bjD j+kl D j+k J 


\je N" 


Lp 


= E rl{2^> s D j+k j} jm , 


fci,fc 2 eZ'' 
| fci |>| fe 2 |/2 


LP{t 2 (IT)) 


< 


E 2 - £ ” l fel l / 2 ||{2 J '' 4 I > j / W | 


k 1 ,k 2 eZ. v 

| fci |>| fe 2 |/2 


iP (^ 2 ( N ^)) 


< E 2“ e p |fcl|/4 - e pl fc2| / s ||{2 J '- ,5 D J /} ieN .| 


fci,fe 2 eZ 1 ' 

|fci|»IM/2 
< II/OJ -* 5 


L P(^ 2 ( NP )) 


{2 J 1lp(^ 2 (n^)| — II/IInlJ(X>) • 

We now turn to (II). Define a vector valued operator IZ{fj}j^ := { Djfj}j € pp. Proposition 113.11 
shows ||^|| L p(^ 2 ( N ,q)_ >I ,p^ 2 ( N .q) 5 ; 1 . 


(")- 2 


fcl ,k 2 €%j 1 ' 
|fc 2 |>2|fci| 


E h^DjDj+^Dj+kJ 


Lp 


- 2 


-ki-6-3^-\k 2 -ki\ 


fci,fc 2 eZ 1/ 

|fc 2 |>2|fei| 


< 


2 2-11 


—fci-5—3-f- |fe 2 —fci | 


k\,k 2 ^Z u 
|*a|> 2 |fci| 


^{ 2 (j+*i)-«+3^|fc 2 -fci| Dj+kl D j+k J} jeW 
{2U +kl > s+3 %\ k *-ki\ Dj+klDj+k J} jm „ 


LP(P( N")) 


Lp(£ 2 (N")) 




E 2^- 3 ^- k ^ |{2^ 5+3 Tlfe-feil£) i £)i + fc 2 - fcl /W|| 


,k 2 EZ u 
I fe 2 1 > 2 | fci I 

2 2Tl fc il-^l fc il-?l fe 2| 

Aii ,k 2 eZ v 
I fc 2 1 >2|fci [ 


L p(^ 2 ( N P)) 

{2j . 5+ 3^|fc2- fcl | D . Dj+k2 _ k J}j^ 


LP(t 2( N i/)) 


< 


E I { 2 i-t+^WDjDj+tf}^ 


< 


LP«>(N-)) ~ U llNL S(®> ’ 


where the last inequality follows from (113.141) . Combining the above estimates completes the proof in 
Case I. 

We now turn to Case II. The proof above in Case I worked for |5| < e p / 4, where e p was such that 
(113.131) and (113.141) held. Under the assumptions in Case II, Case II of Proposition 113.11 and Lemma 
113.21 show that these equations hold for all e p e (0, 00 ). The result for Case II therefore follows from the 
same proof. □ 

We now turn to the proof of Proposition 15.81 Let 2) be Sobolev data. In light of Theorem 15.31 it 
suffices to prove Proposition 15.81 for any Sobolev data 2) such that 2) and 2> are finitely generated by 
the same T on Cl'. The next lemma helps us pick out a choice of Sobolev data which is convenient for 
proving Proposition ^. 81 In it, we use the notation 7 r M from Definition 110.31 

Lemma 13.3. Let S c r(7T2) x c)„ be such that C(S) is finitely generated by F a T(TCl) x ([0, co)"\{0}) 
on IT. For each [xb {1,..., v}, enumerate 

n,F = {(*(*, (XI ,d^)} <= T(TO) x V 


74 















































Let dj = \dj |i. For each p , and t^ ... , £ R 9m , define 

j^(x) := e t,i ' lX ^ + "' +t ^ X ^x. (13.16) 

Define single parameter dilations (denoted by d^) on R 9 ' 1 by, for e R, 

2 , 2 ~ j ^t q ^). 

Thus, we have a parameterization ( 7 ^, cF, qy). Lei g = gi + • • • + g„. For t = (t\,... ,t v ) £ R 91 x • • • x 
R 9 " = R 9 define 

7tW := lu 0 7Ci 0 •' • 0 7t! O)- 

IFe define v parameter dilations on R 9 , which we denote by e, by for j £ R", 

2 -j(tu...,t v ) = {2~^t 1 ,...,2~^U), 

where 2~ J ' x t fl is defined by the single parameter dilations on R 9<1 . Then, ("f,e,q) is finitely generated by 
P on LI'. Furthermore, if C{S) is linearly finitely generated by J 7 a T(TLl) x Dj, on LI', then 7 is linearly 
finitely generated by P on LI'. 

Proof. First we show that P controls ( 7 , e,g) on LI’. Using Proposition 18.121 it suffices to show that for 
j £ [ 0 , 00 ]", if Z := {2~L d X : (X,d) £ P} and if 74 ( 2 ;) := 72 - 34 ( 2 ;), then Z controls 7 at the unit scale 
on LI 1 , uniformly in j e [0, col 1 '. Set 7 ^ (x) := 7 ^. (a;). By Proposition 12.6 of |Strl2| . it suffices to 

show Z controls 7 ^ at the unit scale on LI', uniformly in j e [0, co]", p e {1 ,... ,v}. Fix xo, we will show 
Z controls 7 at the unit scale near Xq uniformly for xo £ LI' and j £ [0, 00 ]", p £ {1,..., v}. Because P 
satisfies V{Ll') ('Lemma |3.22ll . Z satisfies the conditions of Theorem [8T] uniformly for xq £ LI', j £ [0, oo ]". 
Let $ be the map associated to Z given by Theorem 18.11 with this choice of xq. By Proposition 18.61 it 
suffices to show that 7 ^ satisfies Q 2 , with parameters independent of j £ [0, go]", xo £ LI'. 

Let Yf be the pullback of 2 ~P d ‘ Xj 1 via <F. Theorem 18.11 shows for every m, ||L7 I ||c m 5; 1- Standard 
theorems from ODE® show that the function 

0£(u) := 

satishes ||0' i ||c"*(B‘h‘(a')x.B"o(r/)) ~ 1 for every m (here a', rf > 1). Because (u) = d )” 1 07 1 o$(u), we 
have that Q 2 holds with parameters independent of j £ [ 0 , 00 ]", xq £ LI'. Combining all of the above, 
we have that P controls ( 7 , e, q) on LI', as desired. 

Let ( 7 , e, q) correspond to the vector field parametrization (W, e, q). Note that 

W{ 0,.... 0, V 0,.... 0) = + • • • + t^x^. (13.17) 

It follows that if S is given by (14.31) (with this choice of W), then each n^P c S. Lemma fl 0. 41 shows that 
£(U m6 {i „} is equivalent to P on LI', and therefore £(<S) controls P on LI'. Because P controls 

( 7 , e, < 7 ) on Ll', it follows that P controls C(S) on LI', and therefore £{S) is finitely generated by P on 
Ll'. Thus, ( 7 , e,q) is finitely generated by P on Ll'. 

Finally, if P a T(TLl) x then U^efi u ) 17= an d therefore if W(t) ~ X;|«|>o t a X a , we have 
by (113.171) P = {(A'q,, deg(a)) ; deg(a) £ t)„ and |a| = 1}. Because P controls ( 7 , e, g) on Ll', it follows 
that ( 7 , e,q) is linearly finitely generated by P on fl', as desired. □ 

Lemma 13.4. Let O be Sobolev data on Ll'. We separate our assumptions into two cases: 

Case I: D is finitely generated by P c r(Tfl) x ([0, oo) w \{0}) on Ll'. 

Case II: J) is linearly finitely generated by P a T(TLl) x on Ll'. 

33 See Appendix B.l of IStr 141 for more on this. 
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We take all the same notation as in Le.rnm,a \lS . .91 with this choice of T. Thus, we have a parameterization 
( 7 , d , q) which is finitely generated by T on Q' in Case I, and linearly finitely generated by T on YV in 
Case II. For p 6 we also have parameterizations ( 7 ^, dP, q^) defined by (113.161) . so that 

lt{x) = 7 f o o ■ ■ ■ o 7 t 1 i (x). For p £ {1,..., v}, fix £ C™(Ll') with ip v = 1 on a neighborhood 
of the closure of ri 07 and = 1 on a neighborhood supp (V^+i), for p < v. Let a > 0 be small (to 

be chosen in the proof). For each p e { 1 ,..., u}, let 2) ^ = (1, ( 7 ^, dP, q^, Q, Cl" 1 ), a, r 7 ^, Vv) be 

Sobolev data on IV. For £ N, let Dh = be given by (15.11) . For j = (ji,... ,j „) £ N" define 


Then, 

• In Case I, for 1 < p < 00 , there exists e = e(p, ( 7 , d, q)) > 0 such that for |<5| < e, 

II/IInl£(®) ^ 

Here, the implicit constants depend on p e (l,oo) and 2). 

• In Case II, for 1 < p < 00 , <5 e R", 

II/IInlj(s) ^ 

Here the implicit constants depend on p £ (1, 00 ), 2), and 5 £ R". 

Furthermore, in either case, fix he {1,..., v}, set v = v—v, and decompose 8 £ R^ as 8 = ( 8,8 ) £ R" xR 11 
where 8 = ( 8 1 ,..., Sp), 8 = (8p+i ,..., 5 V ). Also, for j e decompose j = (j, j) in the same way. Set 


Z \V' S Dif\ 


UeN 1 ' 




( 13 . 19 ) 


Z l 2 ^/l 


TjP 


/eC? 


'(fio). 


( 13 . 18 ) 


D~ : = D( +1 D°: +2 

J Ju+1 JO+2 


' D l ■ 


Then for 1 < p < 00 , <5 e R", we have 



2 \ = 


/,... 

2 y 

Z 23 D if 


% 

2 \ 21 D P 


VjeN 1 ' 

/ 

Lp 

\ie N c 

j 


( 13 . 20 ) 


where the implicit constants depend on p £ (1, 00 ). In particular, taking v = v, we have 



( 13 . 21 ) 


Proof. We pick a > 0 so small for |i M | < a and p < v, ipp{x)' ^+ 1 ( 7 ^ (x)) = ^+ 1 ( 7 ^ (x)). Note that 
N D t = ^l and therefore Dj = n£=i ^ = V£- Also, 


Djf(x) = 


M x ) J f('n(x))i>v('n(x))ipv('yu-\ 0 'lu-i 0 • ■ • 0 Ttx0*0) 


n 




dt. 


Because of the above remarks and the fact that ( 7 , d, q) is finitely generated by T on Ft! in Case I, and 
linearly finitely generated by T on f Y in Case II, the same proof as in Theorem 15.31 yields (113.181) and 
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(113.1911 (by possibly shrinking a > 0). Strictly speaking, Dj is not exactly of the form covered in the 
proof of Theorem 15.31 but the same proof goes through unchanged. 

We now turn to proving (113.201) . Fix p £ (l,oo) and 5 e R". Set S = (0 p,S) £ R" x R" = R". For 
each p £ { 1 ,..., v} : pick with flo <£ C U' and supp (i/jp) (<= fand if p, > 1 , = 1 on a 

neighborhood of the closure of fProposition [127T] (applied with fl 0 replaced by shows that if e(( 
is a sequence of i.i.d. random variables of mean 0 taking value + 1 , we have 


E 

La j^ j 

') 

V 

UeN 

Lp) 




(13.22) 


Pick the sequences so that they are mutually independent for p £ {1,..., u}. Forj = (ji,... ,j v ) eN v , 
set Cj := e}j i ■ • -e^, so that are i.i.d. random variables of mean 0 taking value ± 1 . Also set 

= £j +1 ■ ■ ■ ej + ", so that {ej}j eN s are also i.i.d. random variables of mean 0 taking values ±1. Using 
the Khintchine inequality and repeated applications of (113.221) . we have for / £ Cg°(Uo), 


Z \& lD if 


E 


Lp 


Z ^ VS Djf 


jeN" 


P \ p 


LP/ 


= E 


2 4A • ■ 2 4A. 


VheN 


VieeN 


x V e” +1 2 jfi+ih+i D ? +1 

I Z_l J0 + 1 Jc + i 


UC + lE 


2 W‘~ D l 1 

N / 


Lpy 


E 


2 4 D i 2 


N 




x 2 4f , . 2 "*' fc+1 US — 2 4 2>i " I 4 / 




\ju€N 


Lp/ 


E 


2 )•••(' 2 iV-’-Dj.) 1 

ije+ieN / \j„E N / 


Lp) 


= E 


2 e 3 2J * 5 3/ 


Lp/ 


Z 

UeN p 


LP 


as desired. 

Proof of Proposition I 5. M This follows by combining (113.181) and (113.211) . 


□ 

□ 


13.1 Comparing Sobolev spaces 

In this section, we prove the results from Section 15.11 

Proof of Theorem 15.111 We first prove the result for Case I, and then indicate the modifications neces¬ 
sary to adapt the proof for Case II. Because of the symmetry of the theorem in t) and D, it suffices to 
show that there exists e = e(p, ( 7 , e, N), ( 7 , e, N)) > 0 such that for 5 £ R" with |5| < e, 

i/iitu^. i} (®) ^ ii/Hnl|(») > f e cs>m. 

Write j £ N y as j = ( j,j ) £ N" x N" = N". 
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We take Dj , jeN 1 ', and Dj, j e N" as in the statement of Lemma ll3.4l with this choice of©, v , and 7>. 
Notice that Dj is to © as D~- is to ©. Thus applying (113.181) . there exists e = e(p, ( 7 , e, IV), ( 7 , e, TV)) > 0 
such that for i e l 1 ' with |<5| < e, 


and 




"NL?(S)) 


E 

Vie N- 


E 

Vie N» 


, /eQUo) 


L? 


, /eCS°(fi 0 ). 




Combining the above with (113.201) yields the result. 

In Case II, the same proof works except that we use (113.191) in place of (113.181) . 


□ 


Lemma 13.5. Let © and X be as in the statement of Theorem \5 . 1 2\ -where we separate our assumptions 
into the same two cases as in that theorem. For j e N" define Dj = Dj(f£>) by (15.11) : and decompose 

j = (J, J ) e x N" as in Theorem, 1 5.1 21 For k e IF and 5 e [0, oo) 1 ', define two vector valued 

operators') 34 ! 

Ky-l/iW : = {2 r5 - lxtCs) DjD j+k fj} jeN „, (13.23) 

f/iU := {2 yt-i^Djfj}^. (13.24) 

Then, for 1 < p < 00 , we have the following: 

• In Case I, there exists e = e(p, ( 7 , e, N), A) > 0 such that for |<5| < e (6 e [0, ao)"), we have 


Ks 


LP(P(N‘'))-+LP(e 2 (N‘')) 


< 2 “ e|fe| , 


||72?|| < l 

Here, the implicit constants depend on p and ©. 

• In Case II, for every L and 5 e [ 0 , 00 )", there exists Cl = Cl(p, 6 ,\ , (7 , e,7V)) such that 

< C L 2~ l ^, 


(13.25) 


Ks 


LP(e 2 (w))^LP(e 2 (w)) 


Wn 


<5llLP(l 2 (N‘'))^LP(t 2 (N‘')) 


<<?!• 


Proof. We first prove the result in Case I, and then indicate the necessary modifications to prove the 
result in Case II. To prove Case I, it suffices to prove (113.251) for 1 < p < 2, and prove (113.251) for 

1 < p 2 with 7 Z* | and 72? replaced by ^72* : j and , respectively. The result then follows, 

since (for 1 < p ^ 2) the dual of L p (^ 2 (N")) is L p (^(N 1 ')) where - + -4 = 1. We exhibit the proof for 
TZ' k ? and 72.?. A nearly identical proof works for the adjoints after an application of Propositions 19.31 
and l9.ll (see the proof of Proposition 1 13. 11 where the same idea is used). We leave the remainder of the 
details for the adjoints to the reader. 

Case I of Proposition 110.71 shows that there exists e > 0 such that 

\\Dj\\ L 2^L 2 < 2“ e| ? vA( - 5)_A( - 5)l . (13.26) 

Case I of Proposition 110.21 shows that there exists e > 0 such that 

\\DjD j+k \\ L2 ^ L2 < 2 - e ' fc l, k e Z". (13.27) 

34 We again use the convention that Dj = 0 for j e Z I/ \N I/ . 
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Combining the above two estimates, using that <5 G [0, oo)", and using the trivial bound \\Dj+k Ii 2_ >i 2 ($~ 
1, we have that there exists £2 > 0 such that for |<5| < £ 2 , <5 G [0, oo)", 


20-s-j->?-6 D 


< 1, 


2 ]s-j-x ‘Inn 




We complexify the variable S , which turns 72. 1 ^ and 7Z~ into operators which depend holomorphically 


L 2 —>L 2 

ch turns?? 1 '° 2 

on S. For a variable z G C", we write 

Re(z) := (Re(zi),..., Re(zp)) g R"; 
similarly for Iin(z). When |Re(6)| < £ 2 , Re(<5) G [0, oo)", (|13.28l) shows 


L 2 —>L 2 


< 2~ e2 l fc l. 


(13.28) 


Ks 


L 2 (t 2 (N t '))->L 2 (t 2 (N ! ")) 


<2 _e2|fc| , ||7? : 


6 H.L 2 (t 2 (N 1 '))—>L 2 (t 2 (N 1 ')) 


^1, 


(13.29) 


merely by interchanging the norms. Here the bounds are independent of Im(<5). Also, we have the trivial 
estimates, 

\Dj || Li—tLi 5; lj W^j^j+kW^i^Li 5; 1- 

Thus, when |Re(<5)| = 0, we have 


n 


k,6 


L 1 (i 1 (N I '))—*L 1 (£ 1 (N I/ )) 


< 1 7?.- < 1 

~ ’ II «llL 1 (< 1 (N ,/ ))->i 1 (< 1 (N‘')) ~ ’ 


(13.30) 


again by interchanging the norms, and the bounds are independent of Im(<5). 

Interpolating (113.291) and (113.301) . for 1 < p ^ 2 and |Re(<5)| < ^2 — £ 2 , Re(<5) G [0, 00 )", we have 


Ks 


< 


Lp(£p(N , '))->Lp(£p (N")) 


2 -(2-f)e 2 |fc| 


II72.? II < 1 

II <5 (N 1 ')) ~ ' 


(13.31) 


Just as in the proof of Proposition 113.11 by using the maximal function, we have for 1 < p < 00 , 
|Re(<5)| = 0, 


K.J 


Lp(£ 00 (N‘ / ))—»Lp(^ 00 (Np)) 


< 1, 


||72?|| < 1 


(13.32) 


Interpolating (113.311) and (113.321) shows for 1 < p < 2, if |Re(<5)| < (p — l)e 2 , Re(<5) G [0, 00 )", we have 


n 


Lp (^ 2 (F^))— >Lp (^ 2 (N w )) 


k,8 

||7??|| < 1 

II 5 lliP(^ 2 (N'"))^LP(t 2 (N'")) ~ 


< 2 _ (P _1 ) e 2| fe l 


(13.33) 


This completes the proof in Case I. 

For Case II, we note that we proved (113.331) . where £2 was as in (113.281) . Case II of Propositions 
110.71 and 110.21 show that (113.261) and (113.271) hold for all e G (0, 00 ), and therefore (113.281) holds for all 
£2 G (0, 00 ). From here, the same proof as above proves the result in Case II. □ 

Proof of Theorem 1 5.1 2\ We first prove the result in Case I, and then indicate the modifications necessary 
to prove the result in Case II. Let 2) be as in Case I, and for j G N" define Dj = Dj(fD) by (15.11) : and 
decompose j = (j,j) G N" x N" as in the statement of the theorem. 

For k G Z", 5 G [0, oo)" define 7? 1 j and 7?? by (113.231) and (113.241) . Fix 1 < p < 00 . Case I of Lemma 

I13.5l and Case I of Lemma fl3.2l show there exists e p > 0 such that for |5|, |<5|, <5 0 < e p , 5 G [0, 00 )", 6 G R", 
So g R, 

7 ? 1 - < o- £ pl fe l || 7 ??|| <1 113 34') 

M LP(/=» ( JP' )) -.LP(^(N-' )) ~ ’ H * l| i'(^(N-))-.LP(/ 2 (N-')) ~ ’ ^ ' 
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S I/IInlJO) . /eCS°(fi 0 ). (13.35) 

LP 

We prove (15.31) for |5|, |5| ^ e p /4, <5 £ [0, oo)", which will complete the proof in Case I. 

Consider, for / £ C'®(f2'), and using the fact that 2 . gN „ = w h ere V' = 1 on a neighborhood 
of the closure of Qq, 


X 

fee Z" 


X! |2J'' 4+3o|fc| £> j I> i+fc /| 


II/IInl p , _ _ o) 

«+(-**(«).*r' 




foeN 1 ' 


LP 




LP 


X 


X 2 rS+3's-3-^ Dj D j+kl D j+k3 f 

kx,k2^ v 


< X 

ki,k2EZ u 


X l 2J ' 




Dj Dj+k ± Dj+k 2 f 


LP 


Lp 


- S + £ -■(!) +(a). 


ki 1 k2EZ v ki,k2EZ v 
|fci|>|fc 2 |/2 |fc 2 |>2|fei 


We bound the above two terms separately. 

We begin with (/). For ki,k 2 £ Z" set T ki ka := 2~ k2 ' s TZ 1 k -. Applying (113.341) . we have for 
I fell ^ I ^ 2 1/2 and using that |<5| ^ e p /4, 


IIT 1 

/fc. 


ki,k 2 IIlp(« 2 (N p ))->Lp(^ 2 (N p )) 


< 2l fc2 H ,5 l2 _£ pl fel l < 2 - l fcl l ep/,;2 ^ 2 _ ^ fc i|+l fc 2|) f W s _ 


Using this, we have, 


(c- S 


k±,k2^Z v 

\ki\^\k 2 \/2 


ki ,k2EZ u 

\ki\^\k 2 \/2 


X \ 2 ?-'+ 3 -l- 3 -*to DjDj+kl D j+ka f 

ie N" 

2fo L 1 ,* {2« + ‘»>->Z) i+h /} , 6N , 


LP 


Lp(C 2 (N")) 


< X 2 —C fei l+l * 2 l) e p /8 

ki ,fc 2 eZ" 

|fcl|>|*2|/2 

~ II/IInL p (X)) 1 


Lp(/ 2 (r» 


as desired. 

We turn to (II). For k x ,k 2 £ Z", set := 2- fel <5 -( 3e p/ 4 )l fc i- fe2 l7e|. For |fc 2 | > 2|fei|, we have 

-fci • <5 - (3e p /4 )|fci - k 2 1 «S |fc 2 |(e p /4) - |fc 2 |(3e p /8) = —(e p /8)|fc 2 | < — (e p /16)(|A’i| + |fc 2 |). Combining 
this with (113.341) . we have for \k 2 \ > 21fei|, 


II't-2 II <• 9 — fci-5—(3e p /4)|fci — fc 2 | <; 9 — (e p /16)(|fei | + |fc 2 1) 

II / fci,fc 2 llLP(^ 2 (N 1 '))^LP^ 2 (N p )) ~ ~ 
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Using this, we have, 


(ii) = 2 


ki,k 2 eZ 

\k 2 \>2\ki 


E I 2 rS+V5 ~ lXt{i) D 3 D 3+kl D 3+k2 f 


Vie N" 


Lp 


= E {2 (j+fcl) - 5+(3ep/4)|fel - fc2| ^ +fcl ^ +fc2 /} j6Ni , 


ki,k 2 eZ u 

|fca|>2|fei| 


Lp(£ 2 ( N")) 


< 


E 2 


— (e„/16)(|fci| + |fc 2 |) 


ki,k 2 eZ u 

|fca|>2|fei| 


E | 2 °' +fcl) - 5 +( 3 ^ / 4 )|fel - fc 2 | D, +fcl D, +fe2 /| 


KjeN 1 ' 


Lp 


< 


E 2 


-( e J>/ 16 )(l fe l| + |fe»l) 


ki,k 2 eZ u 

|fca|>2|fei| 


E 12-^ ■ 5 +( 3e - /4) 1 - fc21 ^ ^ +fc2 _ fcl / 


\jeN u 


Lp 


< E 2 

S 11 / 


—(e„/32)|Zi| 


E | 2 J- 4+(3e ' /4)|,a| £> j £> j+ , a / 

VieN" 


Lp 


IINLJ(S) ’ 


where the last line follows from (113.351) . 

Combining the above two estimates shows 


II/IInl Uc-xUDJ)™ ~ II/IInL ?(®) ’ 
as desired, completing the proof in Case I. 

For Case II, we note that the above proof proved the result for ]<5|, |<5| < e p /4, 5 G [0,oo)", where e p 
was such that (113.341) and (113.351) held. In Case II, Case II of Lemma 113.51 and Case II of Lemma Tl3.21 
show that (113.341) and (113.351) hold for all e p G (0, go). From here, the same proof as above gives the 
result in Case II. □ 


14 Proofs: Fractional Radon Transforms 


Proof of Theorem \6.2\ We first prove the result when ( 7 , e, N) is finitely generated on IF; then we 
outline the changes necessary for when (7 ,e,N) is linearly finitely generated on Cl 1 . 

Let T be given by (16.11) . so that 

Tf(x) = i/>i{x) J f('yt(x))ip 2 (mt{x))K(t,x)K(t) dt , 

where V’i,V’i £ Cg°(n 0 ), n{t,x) e C co (B N {a ) x Cl"), 6 e IT, and K e K 6 {N,e,a). Take 77 g Cg>(B N (a)) 
and a bounded set : j G N"} tz yfl^) with <;j G such that 

Kit) = r,(t) J] ! (/). 

jeN* 


For j gN", define 

Lfi x ) = V’i(^) J fhtix))ip2{ r ytix))K{t,x)^ 2n dt, 

so that T = Ljm 1 ' 2 ■’’ s Tj. Per our usual convention, we take T 3 = 0 for j G Z^N". Let D = 
{v, ( 7 , e, IV, Cl, Cl'"), a, fj, ip) be Sobolev data on Cl'. We wish to show that there exists e = 

e(p, ( 7 ,e,N)) > 0 such that for |d|, |<5'| < e, 

IIT/IInl* (s) ~ II/IInl^ + 5 ,(£)) > /£Co°(^o)- (14-1) 
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For j G N" let Dj = Dj(T>) be as in (15.11) : and as usual for j 6 Z V \W , Dj = 0. For ki,k 2 e Z", we 
define two vector valued operators 

:= {DjTj+kiDj+k 3 fj}jeN , 'i ^-fci {/jljeN" := {-^j^i+fci/j}jeN 17 • 

Case I of Proposition 113.11 combined with Case I of Lemma T13.2I shows that for 1 < p < oo, there exists 
e p > 0 such that for ki, fc 2 G Z^, |<5|, <5 0 < e pi 5 e and e R> we have 


wm 


< O — e p (|fci| + |fc21) 
-'P ~ Z ’ 


Il7?2 II < o- e pl fe i 

lr v fci lliP(^(N t '))^LP(« 2 (N 1 ')) ~ 


s 

fceZ" 


E \2 j - s+So ^DjD j+k f 


< 


II/IInlJ (X>) 1 /eC 7 0 ®(fio). 


(14.2) 


(14.3) 


LP 


Here, we have replaced fig in the application of Proposition ll3.ll with some fig (<= fl such that supp (ip) 
fig. We prove (114.11) for |5|, |<5'| < e p /8, which will complete the proof in Case I. 

Let / G C'o°(f2o)- Using the fact that ipf = / and = V* 2 ) we see 


\\ T f\\-NL p (35) 


2 


L p 


E 


E 2^ 5 '+W+ fc U^.T j+fcl ^ +fc2 ^ +fc3 / 

fci,fe2,fc3GZ v 


< E 

fci ,fc2,/C3GZ I/ 


E 


E |2^- 5 '+«+ fc U-5 jD . T . +fcijD . +fc2jD . +fc3 / 

jeN* 

E = : ( J ) + ( /J )- 


L p 


L p 


,&2 ,k3Eh v k\ ,k2,kse7i L ' 

\k 2 \>\k 3 \/2 |fc 3 |>2|fc 2 | 

We bound the above two terms separately. 

We begin with (/). For fci, hj , fcg G Z^, define a vector valued operator 

T"1 ._ O — fe3-5' + (fcl— fc 3 )-(5.7pl 

’kiMM ■— z /C fc 1 ,fc 2 - 

Note that (114.21) implies for |fc 2 | ^ |fc 3 1/2, using that |<5'|, |<5| < e p /8, 


II Tt 


< 2 — fc 3 -<5' + (fci — k 3 ) S— e p (|fei| + |fe 2 |) 


'fel,fe2,fe3llLP(£ 2 (N‘'))^I,P(<2(N‘')) 

< 2l fc 311<5'I +1fci —fc 3 115|—e p (|fci |H-fc21) < 9|fc2|e P /2 + |fei |e p /8—e p (|fci| + fc 2 |) 

<g 2-(|fc 1 l + |fc2|)€ P /2 ^ 2 — U fel l + l fe 2| + |fc3l)e p /S_ 


Using this, we have 


m- 2 


ki,k2,kse7j 

\k 2 \>\k 3 \/2 


E I 2 r5 ' +U+kl)S D 3 T 3+kl D, +k2 D J+k J 


Vie N" 


Lp 


E rl k2M {2^< s ' +s) D j+k j\ 


fcl ,/C2 ,k^E7j U 

\k 2 \>\k 3 \/2 


Lp(£ 2 (N")) 


< 


2—(l fci I+l fc2 1 +1 l) e p/s bjy. j j 


< 


fcl,fc 2 ,fc 3 eZ 1 ' 

| fc 2 |>| fc 3 |/2 

II/IInlJ /+ 5 (S>) 


L p (e 2 (w / )) 
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as desired. 

We now turn to (II). For k \, k 2 ■ ks e Z" define 

/ t'2 _ 9 — k, 2 -S' + {k\—k 2 )-S— ( 3 e p / 4 )|fc 3 — k?,\q^2 

, fei,fc 2 ,fe3 - Z /V fci ‘ 

(114.21) implies for |fe 3 | > 2|fc 2 |, using that |(5'|, |<5| < e p / 8 , 

jl'T'2 II <; n — fc 2 -5' + (fci — k 2 )-8— (3e p /4)|fe 3 — fe 2 | — e p |fei| 

\\ , k 1 ,k 2 ,k 3 \\LP(e 2 (N t '))^LP(e 2 (N 1 ')) ~ 

^ 2 l fe 2 |(l l5 'l + l'fi) + l fe ilH-(3<W8)|fc 3 |- e pl fc i| ^ 1 ( e p/ 8 ) + l fel I (e P / 8 ) —(3e p /8) |fc 3 1—e p |fci | 

^ 2 — ( e p/ 4 )d fcl l+l fc 3 1 ) ^ 2 “( ep / 8 ^ fcl l + l fc 2 l + l fe3 ^. 


Using this, we have 


(a) = s 


k i ,fc2,fe3eZ 
| ^3 | >21 ^2 | 


£ | 2 ^ 5 '+w+^)- 5 J D J r,- +felJ D j+fe 2 J D j+fe3 / 


L p 


£ I^M 3 { 2 ^)-( a+ 4 ')+ 3 ^l* 3 "^!D i+fe 2 J D j+fe3 /} 


All ,/C2 ,/C 36 Z^ 

|fc 3 |>2|fc 2 | 


L p (i 2 (N")) 


< 


^ 2 -^d fcl 


-^(IM + IM + IM) 


fci 5 Ai 2 5A13GZ 

|fc 3 |>2|fc 2 | 


<g ^ 2-^(IM+l fe 2|+l fc 3|) 

All ?Al2 ,Al 36 Z^ 


<j 2 2 "ft (|fel|+|/l|) 

All 7^1 jZ2£Z 1 ' 

£ ll/ll; 


£ 2« +fc 2 )-( 4 +a ') + 3 ^l* 3 - fc 2 l£> i+fc 2 I> J - +fc 3/ 
eN l/ 

£ | 2 FU+«')+ 3 ^|fc 3 -fc 2 l DjDj . +fc3 _ fe2/ 

eN" 

£ |2J‘-(*+«')+3^H>lD j D j+j2 /| 2> ) 


L p 


L p 


L p 


llNL ? + ,d») > 


where the last fine follows by (114.31) . Combining the above estimates proves (114.11) , completing the proof 
in Case I. 

We turn to the case when ( 7 , e, N) is linearly finitely generated, we note that in the above we proved 
(114.11) for |£|,|<5 , | e p / 8 , where e p was so that (114.21) and (114.31) held. But when ( 7 , e, N) is linearly 
finitely generated, Case II of Proposition 113.II and Case II of Lemma [13.21 show that (114.21) and (114.31) 
hold for all e p £ (0,oo), and therefore the above proof shows (114.11) holds for all 6,5' £ R", completing 
the proof. □ 

Proof of Proposition \ 6. /) Let T be a fractional Radon transform of order 6 £ R" corresponding to 
( 7 , e, N) on B N (a), as in the statement of the proposition. I.e., there exist ifi,if 2 e Co°(^o), n(t,x) £ 
C co (B N (a) x f2"), and K E Kg(N,e,a) such that 


Tf(x) = ifx(x) f f(T t (x))if 2 (T t (x))K(i,x)K(t) dt. 


Let fj £ C™(B n ( a)) and j?) : j £ N" j c: ^(R^) be a bounded set with q~- £ •^’{^^ 0 } and such that 

K(t) = fj(i) XljeNS Because supp (fj) C B N (a), we may pick a £ (0, a) so that supp (fj) C B N (a). 

Let S c T(Tfl) x 0j> be as in the statement of the proposition. We know that C(S) is finitely 
generated (resp. linearly finitely generated) by P a F(TU) x ([0, co) I/ \{0}) (resp. P c F(Tfl) x 0 e ) 
on f V in Case I (resp. in Case II). Enumerate the vector fields in P := {(X\, di), ..., (Xg, dq)}. Define 
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v parameter dilations on R 9 by setting r(ii,...,i$) := (f dl t\,... , f d ^tq) for f e R". Denote these 
^-parameter dilations on R 9 by d. 

Let N' = q + N, and define ^-parameter dilations on R^ by for t = (t, t) G R 9 x R^ = R w and 
r = (r, f) e R" x R' = R", 

r(t,t) := (ft, ft), 

where ft is defined by the above v parameter dilations on R 9 , and ft is defined by the given ^-parameter 
dilations e on R w . Denote these v parameter dilations on R^ by e!. 

Let a G (0, be a small number, to be chosen later. Let 6o(t) denote the Dirac S function at 0 in 
the t variable. By Lemma [2731 So(t) G /Co (q,d,a). Take 77 (f) 6 C“(S^(a)) and {?) : j G N"} <= o^(R^) 
a bounded set with C) e _t 0 } an d 

^0 (t) = fj(t) Y ^\i), 

jeN 0 

where Cf 2 ' is defined by the dilations d, via ( 12 . 211 . 

For j = (hj) e N w x N", let Sj(t,t) := ?)(£)?)(/). Note that ^j 2 \t,t) = \t), where <jj 2 } is 

defined via the z'-parameter dilations on e! on R^ . Thus, we have 

5 0 (t)®K(t) = fj(i)fj(t) Y 

jeN" 

Because c? e 0 }, we see K(t,t ) := 5o(t)(g)K(t) e JC^ 0 g,(N',e',a). 

Let ( 7 , e, N, fl, D'") correspond to the vector field parameterization (IF, e, N , Q"), where ft' (c f2" C 
Q ,w . Define a new vector field parameterization: 

^ 9 ^ 

W(t,t, x) := W(t,x) + Y 
1=1 

Let (i',e',N') denote the parameterization corresponding to (W,e',N'). Because 7 ' -(x) = 7 j(:c), 
standard existence theorems from ODEs show that 7 '- ~(x) is defined for |t| < a, \t\ < a, provided a is 
chosen sufficiently small. Note that if we define S cz T(Tft) x c)„ in terms of ( W,e,N') by (14.31) . then S 
is exactly given by (16.31) . It follows from the assumptions that ( 7 ', e!, N') is finitely generated in Case I 
(linearly finitely generated in Case II) by T on O'. 

Finally, we have 

Tf(x) = %jjx(x) J f(i { (x))fo(id x )) K (i> x )K(i) & 

= i>i(x) J f(%i( x ))fo(% t i( x ))K(i, x ) K (t,£) dt dt. 

This shows that T is a fractional radon transform of order (0 p,6) e R" corresponding to (7 ',e',N') on 
B N (a), which competes the proof. □ 

15 Optimality 

In this section we present results concerning optimality. We focus on the single-parameter case, and 
in fact discuss only the optimality of the result in Corollary 16.131 (and as a special case we obtain the 
optimality of Corollary E 33 13 Fix open sets (c £2" (c Q!" (c Q c; R n . 

35 The methods here apply in some cases to the multi-parameter situation, but we were unable to formulate a short 
statement of a general result in the multi-parameter case. We have therefore presented the single-parameter case, and 
leave any generalizations to the interested reader. 
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Definition 15.1. Let (A', d) = {(Xi, di), ..., (X g , d q )} cr T(T12) x (0, oo) be a finite set and let A > 0. 
Suppose S cr r(T12) x (0, oo). We say F sharply A-controls S on 12' if F A-controls S on 12' and there 
exists a set 12o C W , ro > 0 such that for all 0 < T\ < To the following holds. There exists (X, d) £ S , 
to £ N, and a sequence 5k 6 (0,1] with 5k —» 0 such that for each x £ 12 0 we havJ^I 

= i on B (x.- d ) (*, h4) (15.1) 

3 = 1 


and such that 


lirninf sup inf V* V 1 II ( 4 X) 

b —km -J 


V\a k 

'-'f 


ief ! 0 


|a| j = l 


J '^o(s ( y, 3) (x,r 1 5 fc )) 


> 0. 


Here, 4 A' = ( 5 dl Xi ,..., 5 dq X q ) and the infimum is taken over all representations of the form (115.11) . 


Definition 15.2. Let S cr r(T12) x (0, oo) and let A > 0 such that S is finitely generated by some 
F cr r(TT2) x (0, oo) on 12', and let A > 0. Suppose S cr r(T12) x (0, oo). We say S sharply A-controls 
S on 12' if F sharply A-controls S on 12'. 


Remark 15.3. Note that Definition 115.21 is independent of the choice of F. 

Remark 15.4. It follows immediately from the definitions that if S and S' are equivalent on 12', then S 
sharply A-controls S on 12' if and only if S sharply A-controls S' on 12'. 

We now present the main theorem of the section. 

Theorem 15.5. Suppose ( 7 , e, X, 12,12'") and ( 7 , e, X, 12,12'") are parameterizations with single-parameter 
dilations e and e, and let (W, e, N) and (W, e, X) be the corresponding vector field parameterizations. 
Expand W(t) and Wit) as Taylor series in the t and t variables: 


Wit ) ~ 2 i a ^a, Wit) ~ 2 

| a |>0 | O '| >0 


We suppose both {X& : |d| > 0} and {Xq, : |d| > 0} satisfy Hormander’s condition on 12" Then, 
by Corollary \f.29\ ( 7 , e, X) and ( 7 , e, X) are finitely generated by some F cr T(T12) x (0, co) and F cr 
r(T12) x (0, 00 ) on 12', respectively. There exists a > 0 such that the following holds. 

• Suppose F sharply X-controls F on 12', for some A > 0. Then, for 1 < p < 00 , there exists 
e = e(p, ( 7 , e, N), ( 7 , e, X), A) > 0 such that for all 5 £ [0,e), 5 £ (—e, e), and every fractional 
Radon transform T of order —X5 corresponding to (7 , e, X) on B N ia), 

H T 7llNL ? ((7,e,iV)) S ll/llNL^^aeW)) . / ^ C^ST). (15.2) 

Furthermore, this is optimal in the sense that there do not exist p £ (l,oo), r > 0, 5 £ [0,e)|fl 
5 £ (—e, e) such that for every fractional Radon transform T of order — A< 5 corresponding to ( 7 , e, X) 
on B N ia) we have 

H^ 1 /llNLf +r ((7,e,iV)) ~ H/llNLP_.((7,e,iV)) > f 6 ^0°)• (15.3) 


• Suppose F sharply X-controls F on 12', for some A > 0. Then, for 1 < p < oo, there exists 
e = eip, ( 7 , e, X), ( 7 , e, X), X) > 0 such that for all 5 £ [0,e), 5 £ (—e, e), and every fractional 
Radon transform T of order 5 corresponding to ( 7 , e, X) on B N ia), 


(15.4) 


36 It is always possible to write Sj^ d X as in (115.11 1 because T A-controls 5 on Hi 
37 I.e., we are assuming that 7 and 7 satisfy the curvature condition from [CNSW99] . 
38 Recall, e depends on p e ( 1 , 00 ). 


\\Tf\\ 


NLj((7,e,iV)) 


< 


iInl ; + x»(w.' 


X)) ■ 


feCfiW). 
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Furthermore, this is optimal in the sense that there do not exist p £ (l,oo), r > 0, <5 e [0, e), 
S £ (—e, e) such that for every fractional Radon transform T of order S corresponding to ( 7 , e, N) 
on B n (a) we have 


J "nl? + r ((7,e,JV0) 


(15.5) 


Before we prove Theorem 115.51 we need to further study the notion of sharp A-control. Suppose S cz 
T(TQ) x (0, 00 ) is such that C(S) is finitely generated by F = {(Xi, d \),..., (X q , d q )} cz T(Tfl) x (0, 00 ) 
on 17'. We also assume that for all x £ 17', dim span |X(a;) : 3d, ( X , d) £ £(<S)} = n. By Lemma T3. 221 T 

satisfies 27(17'). By Proposition 18.121 the vector fields Z$ := j<5 d X : (X,d) £ xj satisfy the conditions 

of Theorem 18.11 uniformly for S £ [ 0 , 1 ], Xo £ 17'. Thus Theorem 18.11 applies to give 77 > 0 and a map 
‘bzo,!? : B n (v) Bz s (x 0 , 62 ) (for xo £ 17', S £ [0,1]) satisfying the conclusions of that theorem (uniformly 
in xo and 6) with Z replaced by Z&. The next lemma helps to elucidate the notion of sharp A-control 
in this setting. 

Lemma 15.6. Let S be as above so that we have the maps for x o £ 17 '5 £ [0,1]. Let S cz 

F(T17) x (0, 00 ) and suppose C(S) sharply X-controls C(S) on 17'. Fix rjo > 0. Then, there exists 17o <£ 17' 
and sequences Xk £ 17o, Sk £ [0,1] with Sk —» 0, and vector fields with formal degrees (Xo,do) £ S, 
(Xo, do) £ S, such that the following holds. Let Yk be the pullback of Sf do X 0 via & Xk ,5 k to B n (rj) and let 

Yk be the pullback ofS d °X 0 via § Xk ,8 k to B n (j]). Then Yk and Yk converge in C 00 (B n ( 77 )), Yk —> Too and 
Yk —* Y a,. Furthermore, there is a nonempty open set U <= B n (r]o) such that for all ueU, Y ^(u) i=- 0 
and Too (u) 0 . 


Proof. Pick t\ > 0 so small By(x,Ti5 ) <= & x ,s(B n (r/o)) for x £ 17', <5 £ [0,1]. Let 17o C 17', Sk e [0,1], 
Xk £ 17q, m £ N, and (X,d) £ C(S) be as in the definition of sharp A-control, with this choice of t\. 
Let Yf be the pullback of Sf d X via $ Xk ,s k to B n {rf). Because (X, d) A-controls S on 17', it follows from 

UEU) and (18.51) that Yf\ < 1, for every L £ N with implicit constant depending on L. By 

C L (B n ( ij 2 )) 

the definition of sharp A-control and Proposition [521 and Remark 18.31 we have that Yf >1. 

70 )) 

Replacing Sk and Xk with a subsequence shows that Yf —» Yf, in C 00 with Yf, not the zero vector field 
on B n (r] 0 ). For (X, d) £ C(S), X can be written as an iterated commutator of vector fields Xi,..., X r , 

where (Xi, d \),..., (X r , d r ) £ S with d\ H- 1 -d r = d. Thus, if Tfc, s is the pullback of S ) f dB X s via <& Xk ,8 k 

to B n (rf), we have that Yf, can be written as an iterated commutator of Yk t i ,..., Yk, r . Because Yf —» Yf. 
where Yf is not the zero vector held, and because Y-.i ,..., Yk, r are uniformly in C 00 (Proposition 18.21) 
we must that that Yk,s does not tend to the zero vector held on B n (rio) in C 00 for some s. Moving to 
a subsequence, we see Yk,s —*■ Y rj}S in C 00 , where Wo.,, is not the zero vector held on B n (jio). Because 
Yj- JyS is smooth, there is a nonempty open set U cz B n (r]o) on which T 0O) . s is nonzero. This completes the 
proof for S with (Xo, do) = (X s ,d s ) £ S. 

Fix uo £ B n (r]o) so that Too,s(wo) ¥= 0. Let Yk,i ,..., Yk, q be the pullbacks of S dl Xi,..., S dq X q 
via $x k ,6 k to B n (ji). Combining (18.41) and (18.51) . we see that if we move to a subsequence, there exists 
l £ {1,..., < 7 } such that Yk,i —> T^j in C 00 with T 00 > ;(uo) / 0. Because (X;,d 0 ) £ £(5), X can be 
written as an iterated commutator of vector helds X;,i,..., Xi, r , where (Xj,i, dip ),..., (X; jr , di, r ) £ <S 
with di t i + ■ ■ ■ + di, r = di. Thus, if Yk,i, s is the pullback of S da Xi, s via ® Xk ,8 k to B n {rf), we have that T k,i 
can be written as an iterated commutator of Yk,i,i ,..., T k,l,r- Because Yk,i —» T ^1 where Yro,i(uo) ^ 0, 
and because T k ,i, 1 ,..., Yk,i, r are uniformly in C 00 (Proposition [52]) we must that there exists an s such 
that that Yk,i, s (uo) does not tend to the zero for some s. By moving to a subseqence, we have Yk,i, s 
converges in C 00 to some vector field Too,! )S with Too,;, s (no) T 0. We take (X'o,g?o) = (Xi, a ,di l3 ). Because 
both Yoo,i iS (uo) T 0 and Yco, s (wo) # 0 , and both vector fields are smooth, they are both nonzero on 
some open set. This completes the proof. □ 


Remark 15.7. The same proof as in Lemma 115.61 can be used to show various facts about sharp control. 
For instance, it can be used to show the following. 
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• Let S c r(Tf2) x (0, go) be such that £(<S) is finitely generated on f V. Let S tz r(Tfi) x (0, oo). 
Then C(S) sharply A-controls C(S) on fl' if and only if C(S) sharply A-controls S on ft'. 

Now suppose we have two parameterizations with single parameter dilations ( 7 , e, N, f2, Cl"') and 
( 7 , e, N, n, Q'"). We suppose ( 7 , e, N) is finitely generated by T on D' and ( 7 , e, N ) is finitely generated 
by T on Ut!. Finally, we suppose T sharply A-controls T on f Y, for some A > 0. 

As before, Lemma [■1.221 shows T satisfies 'D(fl') and Proposition 18. 121 shows the vector fields Zg := 
^S d X : (X,d) G _Fj satisfy the conditions of Theorem 18.11 uniformly for S G [0,1], Xo G O'. Theorem 

18.11 applies to give 77 > 0 and a map $ Xo ,,5 : B n (rj ) —> Bz s (x 0 ,^ 2 ) (for Xo G SI', 5 G [0,1]) satisfying 
the conclusions of that theorem (uniformly in xo and S ) with Z replaced by Z$. For each x G Q' and 
5 G [0,1] define 

6j\u) := $“ 507 ^ o ® XiS (u), 9f\u) : = o o 

where Si is defined by the single-parameter dilations e and 5 x t is defined by the single-parameter dilations 

e. 

Lemma 15.8. Under the above hypotheses, there exists flo C O', 770 > 0, a > 0, and sequences 
Xk G flo and 5 k G (0,1] with 8 k —> 0 such that the following holds. For x G S 2 ', 5 G (0,1], (it) G 
C 00 ^ N (a) x B n (rj 0 )J (where i G B N (a), u e B n (r/ 0 )J and 9j' S (u) G C 00 (^B N (a) x B n ( 770)^ (where t G 

B^(a), u G B n (r)o)). Alsof k ' &k -» 0 °° mC 00 (b ¥ (o) x B"(?7o)) andd Xk ’ Sk -*0™ in C 00 (s^(a) x £"(770 

—OO _ 

and t/iere exists an open set U <= (77) sitc/t that for u G U neither 9j (it) nor 9ff (it) are constant in t 

or t, respectively, on any neighborhood of 0 in t/ie t or t variable, respectively. 

Proof. That {fl *- 4 : x e O', 5 e [0,1]} <z C 00 (s^(a) x B n {r l0 )) and { f' S : x g O', 5 e [0,1]} c= 


C 100 yB N (a) x B n (rio)J are bounded sets (for some 770 > 0) follows from Proposition 18.61 Let ( W,e,N ) 

and (W,e,N) be the vector field parameterizations corresponding to the parameterizations ( 7 ,e,N) 
and ( 7 ,e,N), respectively. We expand W(i) and W{t) into Taylor series: 


W(t) ~ ^ TX a , W(i) ~ ^ t*X a . 

| a |>0 | q |>0 

Define 

S := {(Acr,deg(a)) : \a\ > 0}, S := {{X & , deg(d)) : |d| > 0}, 

where deg(a) and cleg(d) are defined using the single-parameter dilations e and e, respectively; see 
Definition 12.21 Note that, by our assumptions £(<S) is finitely generated by T on ft' and C(S) is finitely 
generated by T on O'. Because T sharply A-controls T on Cl', we have £(S) sharply A-controls £(<S) on 
Q'. 

Define the vector fields, for x G D', S G [0,1], 


V Xi s(t,u ) : = 


de 


a x ’ S 

Qet 0 


( u )> V x ,s(t,u) : = 


de 


9 x f o 


(«f')" 1( “) 


where et and et are defined using standard multiplication, and do not reference the single parameter 
dilations e and e. Note that V Xt g(t) and V xt g(t) are the pullbacks, via $ x ,s, of W(Si) and W(S x t), 
respectively; here, Si and 8 x t are defined using the single-parameter dilations e and e, respectively. 
Expand V Xt g(t) and V Xt s(t) as Taylor series in the i and t variables: 

| a |>0 | q :|>0 


Note that and Y?’ S are the pullbacks, via <& Xt s, of 5 des ( a ^X w and <5 Adeg ( a LY a , respectively. 








Now let rio (£ Cl', Xk G ri 0 , and 5 k —» 0 be as in Lemma [15.61 Because {0 ifc,<5t } and {9 Xk,Sk } are 
bounded subsets of C®, as discussed above, by moving to a subsequence, we have that Q Xk ’ Sk and 0 Xk,5k 
converge in C®. Say, Q Xk ' Sk 0 ® and —► 0 ®. Note that V Xk ^ k —> Fqo and V Xht s k —» Fqo, where 


F 00 (?,«) 



By Lemma [15.61 there are multi-indices a and d such that Y^' &k —» F ^ 1 and Yff k ’ Sk —> F9°, where 
there is an open set Z7 c B n °(r] 0 ) such that Y w and Yff are never 0 in [/. But F ff and F9® appear as 
Taylor coefficients of F^(?) and Fo(i), respectively. It follows that, for any u e {/, %(w) and 0 t -(w) are 
not constant in ? or t. respectively, on any neighborhood of 0. This completes the proof. □ 

Lemma 15.9. Let 6 and 0® be as in Lemma 1 15. 8\ Then, for every M e N, a > 0, there exist 
Co G C® ^ B N (a)j , Co £ C® (^B N (a)J, multi-indices a G N^, a e with |a| = |d| = M, and functions 
/i ,/2 £ C™(B n (p o)) such that the following holds. Let c := d|*co and c := d“cb and define 


9i(u) ■= J fi (0T o6j o 0f a (u)') c(?iM?)c(? 2 ) dh (ft dt 2 , 

52 («) := J /2 o 09° o 0^(u) j c(?i)?(t)?(?2) cffii dt dt 2 - 

Then, there is an open set U S B n (i) o) such that g\ and g 2 are never zero on U. 

Proof. This follows immediately from the conclusion of Lemma 115.81 □ 

Lemma 15.10. Let Me N. Take Slo C IF, ??o > 0, Xk g Do, and 5k —> 0 as in Lemma \15.8[ Take 
a > 0 /ess //urn or equal to the choice of a in Lemma 1 15. 8\ Take c, c as m Lemma \15.9\ (with these 
choices of M and a). Let 5k = 2~ Jk where jk £ [0, oo) so that jk — > oo, and let if G (7® (IT) equal 1 on a 
neighborhood of the closure of STq . Define 

Tj k f{x) := ip{x) J f{^j{x))if^ T (x))g {Vk) (t)dt, 


S\j k f{x) := if(x) J f{ ; li(x))if(' : y f (x))^ 2X3k \t) dt, 

Rl ■■ = Sx Jk Tj k S Xjk , R 2 : = T jk S Xjk T jk . 

Then, for 1 < p < oo, 

liminf ||i?fc|| > 0 , liminf ||^|| > 0 . 

k —>oo ^ k —>oo ^ 

Proof. We begin with the result for R\. Suppose liminffc _ 00 = 0. By moving to a subse¬ 
quence, we may assume lim^oo = 0. Define := / 0 ®x,s(u), an d let 


U k :=$ 


# 


Xk,Sk 


rI ($* * 1 

k y*x k ,s k J ’ 


where we think of Uk as an operator acting on functions on B n (rjo). By (18.31) . we have 

II^IIlp — >LP ~ > 


and therefore lim^oo \\Uh\\ 


lp—>lp 


= 0. But, we have 


fc lirn U k f(u) = f / ( 9T o Oj o 0g(u)) q(ii)g{t)s(i 2 ) dt i dt dt 2 . 


















By taking / = /i, where f\ is as in Lemma [15.91 we see that lim^oo Ukfi{u) is nonzero on a set of 
positive measure, which contradicts the fact that 

lim \\Uk\\ LP _, LP = 0 

k —>GO 

and completes the proof for R\. The same proof works for , where we use from Lemma 115.91 in 
place of f\. □ 

Remark 15.11. Fix <5, S G K. and a > 0. Take M = M(8,6) ^ 1 large. Let Tj k , S\j k be as in Lemma 
115.101 with this choice of M. Write, 

T i k f{x) := ip(x) J f(at{x))^t{x))^ {23k) (t)dt, 

S\ Jk f{ x) ■■= ip(x) J dt, 

as in Lemma [15.101 Lemma [7.81 shows that 2 s ^ k Tj k is a fractional Radon transform corresponding to 
( 7 , e, N ) on B N (a), and 2 SX R S\j k is a fractional Radon transform corresponding to ( 7 , e, N ) on B N (a). 
Furthermore, this is true uniformly in k. Indeed, fix rj G C® (b n (a)^ and f) G (^B N (a)'j , with rj = 1 

on a neighborhood of the support of and f) = 1 on a neighborhood of the support of <f. Lemma 17.81 
shows that we may write 

2 ^') =2 I^) = -^ 2*7^ 

l^jk 
Ze N 

2 sx jk ^) =2 s\ jkfl ^*) =fj ^ 

ZeN 


where <;i tk G /o(R ,V ) and Q,fe G yo(R W ) for l > 0 and 

{U,k :^N,U Jt ,leN}c {§,* :fceN,U A j k , l e N} c ^(K^) 

are bounded sets. Because of this, the Baire category theorem implies the following. If B\ and B 2 are 
function spaces with norms || • ||b x and |] ■ ||b 2J respectively, then we have: 

• If for every fractional Radon transform, T, of order S corresponding to ( 7 , e, N) on B N (a) we have 
T extends to a bounded operator T : Bi —» B 2 , then there is a constant C , independent of k , such 
that ^P k ^Tj k ||bi_ > b 2 C. 

• If for every fractional Radon transform, S , of order 8 corresponding to ( 7 , e, N) on B N (a) we have 
S extends to a bounded operator S : Bi —> B 2 , then there is a constant C, independent of fc, such 
that \\2 X:ik ^Sxj k ||bi^b 2 C. 

Proof of Theorem \15.5\ Because sharp A-control implies A-control, (115.21) and (115.41) follow from Corol¬ 
lary 16.101 (that the conditions of Corollary 16.101 hold in this case follows from Remark 16.61 Proposition 
13.261 and Corollary 14. 291) . 

We now turn to showing that (115.31) cannot hold if a > 0 is chosen sufficiently small. Suppose (115.31) 
holds for some choice of p G (1, 00 ), r > 0, 5 G [0, e), and <5 G (—e, e). Because (115.31) for r > 0 implies 
the result for any smaller r and by possible shrinking e, we may assume that r, <5, and 8 are as small 
as we like in what follows. Fix M large, and apply Lemma [15.101 with ( 7 , 5 , IV) replaced by ( 7 , e, N) 
and ( 7 ,e,N) replaced by ( 7 , e, IV), with this choice of M, to obtain Tj k and S\j k as in that lemma. If 
M = M(S , 5 , r, A) is chosen sufficiently large, we see by the discussion in Remark llS.lll that 2^ s+ r)Xjk S Xjk 
is a fractional Radon transform of order S + r corresponding to ( 7 ,e,N) on B N (a), 2^ (s ~ s ' )X: > k S\j k is a 
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fractional Radon transform of order —(5 — 5) corresponding to ( 7 , e, N) on B N (a), and 2 xs ^ k Tj k is a 
fractional Radon transform of order —A<5 corresponding to ( 7 , e, N) on B N (a). Furthermore, this is all 
true uniformly in k in the sense made precise in Remark 115. Ill 

Applying Theorem | 6 J to 2 (6+r > xik S Xjk and 2 ~ {S ~ S)Xjk S Xjk , (HOI) to 2~ XSjk T jk , and using the uni¬ 
formity discussed in Remark ll5.HI for 1 < p < 00 we have, for / £ C°°, 


2 rX3k \\Sx jk T jk S Xjk f\\ LP = ||(2^^5 Ajfc ) (2 ~ xSjk T jk ) (2-V-^ k S Xjk ) f 


LP 


< 


< 


2 ~ xSjk T jk ) (2-V- S ^ k S Xjk ) f 


NLj +r ((7,e,iV)) 




NL' Ml,S,N)) 


£ ll/ll 


LP ■ 


We conclude \\S X j k T jk S Xjk \\ LP ^ LP ^ 2 rXjk . Since r , A > 0 and since j k -» 00 , we have lim^oo \\S Xjk T jk S X j k \\ LP ^ LP 
0. This contradicts the conclusion of Lemma [T5T01 which achieves the contradiction and completes the 
proof that (115.31) cannot hold. 

We finish the proof by showing that (115.51) cannot hold if a > 0 is chosen sufficiently small. Suppose 
(115.51) holds for some p £ (l,oo), r > 0, 5 £ [0, e), and 5 £ (—e, e). Because (115.51) for r > 0 implies 
the result for any smaller r and by possible shrinking e, we may assume that r, 5 , and 5 are as small 
as we like in what follows. Fix M large, and apply Lemma [15.101 with (7 ,e,N) replaced by (7 ,e,N) 
and (j,e,N) replaced by ( 7 , e, N), with this choice of M, to obtain Tj k and S X j k as in that lemma. If 
M = M(5, 5, r, A) is chosen sufficiently large, we see by the discussion in Remark 115.111 that 2 ( <5 +' r )A 
is a fractional Radon transform of order 5 + r corresponding to ( 7 , e, N) on B N (a), 2~^ s+xs ^ k Tj k is a 
fractional Radon transform of order —5 — A 5 corresponding to (7 ,e,N) on B N (a), and 2 SX; > k S X j k is a 
fractional Radon transform of order 5 corresponding to ( 7 , e, N) on B N (a). Furthermore, this is all true 
uniformly in k in the sense made precise in Remark ll5.HI 

Applying Theorem l6.2l to 2^ +r ^ fc 7A. and 2~^ s+x ^' ) ^ k Tj k , (115.51) to 2^ x ^ k S X j kl and using the uniformity 
discussed in Remark 115.111 for 1 < p < 00 we have, for / £ C®, 


2 r3k \\T jk s Xjk T jk f\\ LP = ||(2( { +^r jt ) ( 2 ~ SXjk S Xjk ) ( 2 / 


LP 


< 


< 


(2 ~ SXjk s Xjk 




.)/ 


< 


NL? +r ((7,e,JV)) 


2 — (<5 + A S)j k rp. 


,)/ 


nl * + *>) 


ll/ll 


LP ’ 


We conclude \\T jk S xjk T jk \\ LP ^ LP < 2 Si nce r> 0 and j k — 00 , we see lim*,^ \\T jk S Xjk T jk \\ LP ^ LP = 
0. This contradicts the conclusion of Lemma Hh.lOl which achieves the contradiction and completes the 
proof. □ 

Proof of the optimality in Corollary \6.17\ In the proof of the bounds in Corollary 16.171 we saw that if 
12' is chosen to be a sufficiently small neighborhood of xq, then T A^-controls (8, 1) on f2' and (d, 1) A^- 
controls J- on 12'; where T, A 2 , and A^ are in the proof of the bounds in Corollary 16. 171 It is immediate 
to verify that, in fact, T sharply A^-controls (d, 1) on 12' and (d, 1) sharply A^-controls _F on 12'. The 
optimality now follows from Theorem 115.51 □ 
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